
Communications in Mathematical Physics manuscript No.
(will be inserted by the editor)

Existence of Baryons, Baryon Spectrum and
Mass Splitting in Lattice QCD

Paulo A. Faria da Veiga1, M. O’Carroll1 and Ricardo Schor2
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Abstract: We consider a functional integral formulation for one-flavor lattice
Quantum Chromodynamics in d = 2, 3 space dimensions and imaginary time,
and work in the regime of small hopping parameter 0 < κ ≪ 1, and zero
plaquette coupling. Following the standard construction, this model exhibits
positivity which is used to obtain the underlying physical Hilbert space H. Then,
using a Feynman-Kac formalism, we write the correlation functions for the model
as functional integrals over the space of Grassmannian (fermionic) fields for one
quark specie and the SU(3) gauge fields. We determine the energy-momentum
spectrum associated with gauge invariant local baryon (anti-baryon) fields which
are composites of three quark (anti-quark) fields. With the associated correlation
functions, we establish a Feynman-Kac formula, and a spectral representation
for the Fourier transform of the two-point functions. This representation allows
us to show that baryons and anti-baryons arise as tightly bound, bound states
of three (anti-)quarks. Labelling the components of the baryon fields by s =
3/2, 1/2, −1/2, −3/2, we show that the baryon and anti-baryon mass spectrum
only depends on |s|, and the associated masses are given by Ms = −3 ln κ +
rs(κ), where rs(κ) is real analytic in κ, for each d = 2, 3. The mass splitting is
M3/2−M1/2 = 18κ6, for d = 2 and, if any, is at least of O(κ7), for d = 3. In the
subspace Ho ⊂ H generated by an odd number of fermions, the baryon and anti-
baryon energy-momentum dispersion curves are isolated up to near the baryon-
meson threshold −5 ln κ (upper gap property), identical and are determined up
to O(κ5). The symmetries of coordinate reflections, spatial lattice rotations,
parity and charge conjugation are established for the correlation functions, and
are shown to be implemented on H by unitary (anti-unitary, for time reversal)
operators.
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1. Introduction

The existence and spectral properties of quantum field theories arise as funda-
mental problems in physics. In quantum chromodynamics (QCD), it is funda-
mental to establish on a rigorous basis the low energy-momentum (e-m) spec-
trum of particles and their bound states, in particular, to prove the existence
of mesons and baryons and their bound states. Spectral properties of this sort
involve low-energies and the standard way to study them is to use a lattice regu-
larization of the continuum. Long distance properties should not be affected too
much by this procedure. Our understanding of confinement comes in this way,
and in fact was a reason for the introduction of lattice QCD by Wilson (see [1–3]
and the recent reviews [4,5]).

As one of our main results, we obtain an understanding of baryons from
first principles by showing that they arise as tightly bound, bound states of
three quarks and their occurrence is manifested by the appearance of an isolated
dispersion curve in the e-m spectrum.

We work with a lattice regularization and obtain a qualitative picture of the
spectrum from first principles in the strong coupling regime, corresponding to
quark confinement. No approximations are made so our results are exact in this
context. More specifically, we consider lattice QCD as in [3,6,7]. We work in
space dimension d = 2 and d = 3, 4×4 Dirac spin matrices and imaginary time,
with small hopping parameter 0 < κ ≪ 1 (strong coupling) and large glueball
mass (see [8]) in the baryon Fermi sector. For the Hamiltonian approach to
baryon masses we refer to [9,10]. For the determination of masses for the meson
sector, in the Euclidean approach, see [11].

Taking a simpler version of the QCD model, similar results were recently
reported by us in [7], using 2 × 2 Pauli spin matrices and for d = 2. After
establishing positivity and constructing the underlying physical Hilbert space H,
we consider the two-point functions for the baryon (anti-baryon) fields composed
of three quarks (anti-quarks). Analogous to the Källen-Lehman representation
in quantum field theory, we obtain a spectral representation for the Fourier
transform of the two-point function. This is the fundamental tool which allows
us to relate the singularities of their Fourier transforms to the e-m spectrum
via a Feynman-Kac (F-K) formula. We stress that a knowledge of decay rates
of correlation functions does not mean that they can be identified with masses,
especially in the case of nearly degenerate masses. For this reason, it is essential
to establish a spectral representation.

Let Ho ⊂ H denote the subspace generated by an odd number of fermions. In
the even space, the mesons, which are quark, anti-quark composite fields, have
asymptotic mass −2 lnκ. We show that there is a baryon particle and an anti-
particle, with asymptotic mass −3 lnκ, manifested by isolated dispersions curves
in the e-m spectrum (upper mass gap property) and more: it is the only spectrum
in the subspace Ho ⊂ H, up to near the meson-baryon threshold −5 ln κ. Thus,
the upper gap persists in Ho. With s = 3/2, 1/2,−1/2,−3/2 labelling (spin-like)
components of the baryon composite fields, we show that the mass spectrum
only depends on |s| and the masses are given by Ms = −3 ln κ + rs(κ), with
rs(κ) real analytic in κ. The mass splitting is M3/2 −M1/2 = 18κ6, for d = 2,
and zero at least up to and including O(κ6), for d = 3. The symmetries of parity,
charge conjugation, lattice spatial rotations and coordinate reflections are also
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established for the correlation functions, and are shown to be implemented on
H by unitary operators, or an anti-unitary operator in the case of time reversal.

It is important to emphasize that the upper mass gap property, has not
been established in the Hamiltonian formulation treatments, and that the above
mentioned spectral representation does not appear in the literature, as far as we
know.

Besides its intrinsic importance, the determination and control of the baryonic
mass spectrum is an essential step towards the understanding of e.g. baryon-
baryon bound states (such as for the nuclear force) from first principles, and
thus bridging the gap between QCD and the effective baryon, effective meson
picture of nuclear forces through a single and multiple boson exchange arising
from a Yukawa interaction (see [12,13]).

This work is being continued and the analysis of the existence of two-particle
bound states is performed using our techniques from previous works on the
determination of bound state spectrum in spin and stochastic Ginzburg-Landau
lattice systems. (See [14] and [15]).

2. The Model and Results

Let us define the gauge-matter model and give our main results. The quantum
mechanical Hilbert space and e-m operators are obtained by a standard con-
struction from the thermodynamic limit of gauge invariant correlation functions
of a statistical mechanical model where the Fermionic degrees of freedom are de-
scribed by Grassmann variables (see [3,6,16] for details). The partition function
of the model is given formally by

Z =
∫

e−S(ψ,ψ̄,g) dψ dψ̄ dµ(g) , (2.1)

and, for a function F (ψ̄, ψ, g), the normalized expectations are denoted by

〈F (ψ̄, ψ, g)〉 =
1
Z

∫
F (ψ̄, ψ, g) e−S(ψ,ψ̄,g) dψ dψ̄ dµ(g) .

We consider the cases where the space dimension is d = 2, 3. Labelling by
0 the time direction, the unit lattice is taken as Zd+1

o , where u = (u0, u) =
(u0, u1, . . . , ud) ∈ Zd+1

o ≡ Z1/2×Zd, where Z1/2 = {±1/2,±3/2, . . .}. The choice
of the shifted lattice for the time direction, avoiding the zero-time coordinate,
is so that, in the continuum limit, two-sided equal time limits of Fermi fields
correlations can be accommodated. At each site u ∈ Zd+1

o , there are Fermion
Grassmann fields ψaα(u), associated with a quark, and fields ψ̄aα(u), associated
with an anti-quark, which carry a Dirac spin-like index α = 1, 2, 3, 4 and an SU(3)
color index a = 1, 2, 3. We refer to α = 1, 2 as upper spin indices and α = 3, 4 as
lower ones, denoted respectively by u and `. Also, letting eµ, µ = 0, 1, 2, 3, denote
the unit lattice vector for the µ-direction, for each nearest neighbor oriented
lattice bond < u, u ± eµ > there is an SU(3) matrix U(gu,u±eµ) parametrized
by the gauge group element gu,u±eµ and satisfying U(gu,u+eµ)−1 = U(gu+eµ,u).
Associated with each lattice oriented plaquette p there is a plaquette variable
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χ(U(gp)) where U(gp) is the orientation-ordered product of matrices of SU(3) of
the plaquette oriented bonds, and χ is the trace. The model action is given by

S(ψ, ψ̄, g) =
κ

2

∑
ψ̄aα(u) Γ εeµ

αβ (gu,u+εeµ)ab ψbβ(u + εeµ)

+
∑

u∈Zd+1
o

ψ̄aα(u)Mαβψaβ(u)− 1
g2
0

∑
p

χ(gp) ,
(2.2)

where the first sum runs over u ∈ Zd+1
o , ε = ±1 and µ = 0, 1, . . . , d. For nota-

tional simplicity, we sometimes drop U from U(g). Concerning the parameters,
we take m > 0, and the quark-gauge coupling or hopping parameter κ > 0. Also,
g0 > 0 describes the pure gauge strength and M ≡ M(m,κ) = (m + 2κ)I4, I4

being the 4× 4 identity matrix. Also, within the family of actions of [3], we take
Γ±eµ

= −1±γµ. For d = 3, γµ are the 4×4 hermitian traceless anti-commuting

Dirac matrices γ0 =
(

1 0
0 −1

)
and γj =

(
0 iσj

−iσj 0

)
; and σj , j = 1, 2, 3, de-

notes the hermitian traceless anti-commuting 2 × 2 Pauli spin matrices. For
d = 2, all but the γ3 matrix appear in the action. The measure dµ(g) is the
product measure over non-oriented bonds of normalized SU(3) Haar measures
(see [17]) and the integrals over Grassmann fields are defined according to [16].
For a polynomial in the Grassmann variables with coefficients depending on the
gauge variables, the fermionic integral is defined as the coefficient of the mono-
mial of maximum degree, i.e. of

∏
u,α,a ψ̄aα(u)ψaα(u). In Eq. (2.1), dψ dψ̄ means∏

u,α,a dψaα(u) dψ̄aα(u) such that, with a normalization N1 = 〈1〉, we have

〈ψaα(x) ψ̄bβ(y)〉 = (1/N1)
∫

ψaα(x) ψ̄bβ(y) e−
P

u,a′,α′,β′ ψ̄a′α′ (u)Mα′β′ψa′β′ (u) ×
dψ dψ̄ = M−1

α,βδabδ(x − y), with a Kronecker delta for space-time coordinates.
With our restrictions on the parameters, there is a quantum mechanical Hilbert
space of physical states (see below), for κ > 0; and the condition m > 0 guaran-
tees that the one-particle free Fermion dispersion curve increases in each positive
momentum component.

Throughout the paper we take the hopping parameter sufficiently small 0 <
κ ≪ 1, and without loss of generality we set M = 1 in the action (2.2).

An important feature of the action (2.2) is that it is invariant by the gauge
transformations given by, for x ∈ Zd+1

o and h(x) ∈ SU(3),

ψ(x) 7→ h(x)ψ(x)
ψ̄(x) 7→ ψ̄(x) [h(x)]−1

U(gx+eµ,x) 7→ [h(x + eµ)]−1 U(gx+eµ,x)h(x) .
(2.3)

Other symmetries of the action (2.2), such as charge conjugation, parity, coor-
dinate reflections and spatial rotations, will be considered below.

For small enough couplings κ and g−2
0 , by polymer expansion methods (see

[3,18]), the thermodynamic limit of correlations exists and truncated correla-
tions have exponential tree decay. The limiting correlation functions are lattice
translational invariant. Furthermore, the correlation functions extend to ana-
lytic functions in the coupling parameters. For the formal hopping parameter
expansion, or strong coupling expansion, see [19,2].

Next, we recall the definition of the quantum mechanical Hilbert space H
and the e-m operators starting from gauge invariant correlation functions, with
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support restricted to u0 = 1/2. Letting T x0

0 , T xi

i , i = 1, 2, 3, denote translation
of the functions of Grassmann and gauge variables by x0 ≥ 0, x ∈ Zd+1; and
for F and G only depending on coordinates with u0 = 1/2, we have the F-K
formula

(G,T x0

0 T x1

1 . . . T xd

d F )H = 〈[T x0

0 T x1

1 . . . T xd

d F ]ΘG〉 , (2.4)

where Θ is an anti-linear operator which involves time reflection. Following [3],
with the usual sum convention, the action of Θ on single fields is given by

Θψ̄aα(u) = (γ0)αβψaβ(tu) ,

Θψaα(u) = ψ̄aβ(tu)(γ0)βα ;

where t(u0, u) = (−u0,u), for A and B monomials, Θ(AB) = Θ(B)Θ(A); and
for a function of the gauge fields Θf({guv}) = f∗({g(tu)(tv)}), u, v ∈ Zd+1

o , where
∗ means complex conjugate. Θ extends anti-linearly to the algebra. We do not
distinguish between Grassmann, gauge variables and their associated Hilbert
space vectors in our notation. As linear operators in H, Tµ, µ = 0, 1, . . . , d, are
mutually commuting; T0 is self-adjoint, with −1 ≤ T0 ≤ 1, and Tj=1,...,d are
unitary, so that we write Tj = eiP j

and P = (P 1, . . . , P d) is the self-adjoint
momentum operator, with spectral points p ∈ Td ≡ (−π, π]d. Since T 2

0 ≥ 0, we
define the energy operator H ≥ 0 by T 2

0 = e−2H . We refer to a point in the e-m
spectrum associated with spatial momentum zero as a mass. More precisely, the
positivity condition 〈FΘF 〉 ≥ 0 is established in [3] but there may be nonzero
F ’s such that 〈FΘF 〉 = 0. The collection of such F ’s is denoted by N . Thus,
a pre-Hilbert space H′ can be constructed from the inner product 〈GΘF 〉. The
physical Hilbert spaceH is defined as the completion of the quotient spaceH′/N .

We now turn to our results on the existence of particles, their masses and
dispersion curves. Recall Ho is the subspace of H generated by an odd number
of ψ̃. We restrict our attention to the subspace Ho ⊂ H, for g−2

0 << κ. For the
pure gauge case and small g−2

0 , the low-lying glueball spectrum is found in [8].
For large g0, the glueball mass is ≈ 8 ln g0. For the even subspace, quark-anti-
quark mesons are treated in [11], and have asymptotic mass −2 ln κ.

We define the Grassmann gauge invariant baryon composite fields by, with
εabc denoting the Levi-Civita symbol,

φ̄u
s

(
u0 = 1/2, u

)
=





1
6εabcψ̄a1ψ̄b1ψ̄c1 , s = 3/2
1

2
√

3
εabcψ̄a1ψ̄b1ψ̄c2 , s = 1/2

1
2
√

3
εabcψ̄a1ψ̄b2ψ̄c2 , s = −1/2

1
6εabcψ̄a2ψ̄b2ψ̄c2 , s = −3/2 ;

(2.5)

and

φ̄`
s

(
u0 = 1/2, u

)
=





1
6εabcψ̄a3ψ̄b3ψ̄c3 , s = 3/2
1

2
√

3
εabcψ̄a3ψ̄b3ψ̄c4 , s = 1/2

1
2
√

3
εabcψ̄a3ψ̄b4ψ̄c4 , s = −1/2

1
6εabcψ̄a4ψ̄b4ψ̄c4 , s = −3/2 ;

(2.6)
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where we recall the superscript u selects upper indices 1, 2 for the spin and `
selects the lower indices 3, 4. Similarly, composite fields φu

s

(
u0 = 1/2,u

)
and

φ`
s

(
u0 = 1/2,u

)
are defined by dropping the bars from the ψ’s.

Note that the linear combinations that occur in Eqs. (2.5) and (2.6), as in
simpler quantum mechanical systems, are those which are present in the coupling
of three 1/2 spins, associated with total spin 3/2. The normalizations are chosen
so that the associated two-point free functions, obtained by setting κ = 0 in the
first term in the action of Eq. (2.2), the hopping term, but keeping κ 6= 0 in M ,
are equal to −1 at coincident points.

For some considerations, it is convenient to use the following reduced equiv-
alent expressions for e.g. φ̄`

s:

φ̄`
3/2 = ψ̄13ψ̄23ψ̄33 , φ̄`

1/2 = 1√
3

[
ψ̄13ψ̄23ψ̄34 + ψ̄13ψ̄24ψ̄33 + ψ̄14ψ̄23ψ̄33

]
,

φ̄`
−3/2 = ψ̄14ψ̄24ψ̄34 , φ̄`

−1/2 = 1√
3

[
ψ̄13ψ̄24ψ̄34 + ψ14ψ̄23ψ̄34 + ψ14ψ̄24ψ̄33

]
,

(2.7)
which uses the Grassmannian character of ψ. Similar expressions hold for the
composite fields φ`

s, φ̄u
s and φu

s .
In the sequel, our analysis deals with the subspace Hb ⊂ H generated by the

vectors φ̄u
s , ..., φ`

s, s = 3/2, 1/2,−1/2,−3/2. We will show that the φ̄`
s gener-

ate particles, i.e. are associated with isolated dispersion curves in the low-energy
spectrum, with asymptotic mass −3 ln κ, and which correspond to baryons. Simi-
larly, φu

s also generate particles associated with isolated dispersion curves. To see
the connection with the e-m spectrum, we define two-point correlation functions,
establish F-K formulas and spectral representations. The normalized two-point
correlation functions are defined by (χ here denotes the characteristic function)

Gu
ss′(u, v) = 〈φ̄u

s (u)φu
s′(v)〉χu0≤v0 − 〈φu

s (u)φ̄u
s′(v)〉∗ χu0>v0 = Gu

ss′(u− v)

G`
ss′(u, v) = 〈φ`

s(u)φ̄`
s′(v)〉χu0≤v0 − 〈φ̄`

s(u)φ`
s′(v)〉∗ χu0>v0 = G`

ss′(u− v) ,
(2.8)

where ∗ denotes complex conjugation. These seemingly awkward definitions allow
us to show the existence of particles (upper gap property), and we observe that
the u0 > v0 definition, extended to u0 = v0, agrees with the u0 ≤ v0 definition,
using time reversal and parity (see Theorem 4 below). It is enough to restrict our
attention to the φ̄`

s as later on, using a charge conjugation symmetry, identical
spectral results hold for φu

s , and their identification as anti-baryons is made.
Within this context, from now on, we suppress the ` index from φ̄`

s in order to
simplify the notation.

We set E(λ0, λ) = E0(λ0)E(λ), where E0(λ0) is the spectral family for the
operator T0, and E(λ) =

∏d
i=1 Ei(λi) is the product of the spectral families for

P i. The spectral representation of the next Proposition is an important tool.

Proposition 1. For u0 6= v0, φ̄s ≡ φ̄s(1/2,0), the following F-K formula holds,

Gss′(u, v) = −
∫ 1

−1

∫

Td

(λ0)|v
0−u0|−1eiλ.(v−u)d(φ̄s, E(λ0, λ)φ̄s′)H ; (2.9)

and is an even function of v − u.
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We now obtain a spectral representation for the Fourier transform of the
two=point function Gss′(u, v). For x ∈ Zd+1, with an abuse of notation, we
define Gss′(x = u− v) ≡ Gss′(u, v). Then, the Fourier transform

G̃ss′(p) =
∑

x∈Zd+1

Gss′(x)e−ipx , p ∈ Td+1 ,

admits the spectral representation

G̃ss′(p) = G̃ss′(p) − (2π)d

∫ 1

−1

∫

Td

δ(p− λ)
[

1
eip0 − λ0

+
1

e−ip0 − λ0

]

× dλ0dλ(φ̄s(1/2,0), E0(λ0)E(λ)φ̄s′(1/2,0))H ,
(2.10)

where G̃(p) =
∑
x∈Zd e−ip.xG(x0 = 0, x).

From the above spectral representation, we see that points of non-analyticity
in p0, on the imaginary axis, are points in the e-m spectrum. It is possible that
points of non-analyticity of the form p0 = ±π + iq0 can occur but this is shown
not to be the case in our analysis. We determine the spectrum and show the
existence of isolated dispersion curves, up to the meson-baryon threshold −5 ln κ,
by showing that Γss′(u, v), the convolution inverse of the two-point function
Gss′(u, v) decays faster than Gss′(u, v), and hence the Fourier transform Γ̃ss′(p)
of Γss′(x = u − v) ≡ Γss′(u, v) has a larger region of analyticity in p0. Thus,
the cofactor [cof Γ̃ ]s′s(p)/det[Γ̃ (p)] ≡ Γ̃−1

ss′ (p) provides a meromorphic extension
of G̃ss′(p), and the e-m spectrum occurs, for each p, as points given by the p0

imaginary axis zeroes of det[Γ̃ (p)].
To analyze det Γ̃ (p), it suffices to obtain a long range bound for Γ (x), but we

need its precise short distance behavior, for |x| ≤ 2, to determine the masses and
the mass splitting up to and including order κ6. However, to control the error,
bounds on Γ (x) (which improve those obtained by the hyperplane decoupling
method [20,21,18,14]) are needed for some x’s with |x0| ≤ 4. These bounds are
obtained by showing explicit cancellations in the Neumann series.

The two-point function convolution inverse Γ (x) is defined by

Γ = (1 + G−1
d Gn)−1 G−1

d , (2.11)

using a Neumann series, where Gd is the diagonal part of G given by

Gd,ss′(u, v) = Gss′(u, u)δss′δuv , (2.12)

and Gn is the remainder

Gn,ss′(u, v) = Gss′(u, v)−Gd,ss′(u, v) . (2.13)

By the bounds in Theorems 1 and 2 below, G, G−1
d , Gn and Γ are bounded, as

matrix operators on `2(C4 × Zd+1
o ).

Moreover, Γss′(x) is analytic in κ as Gss′(x) is, and its short distance behavior
is determined by expanding in κ. Long-range bounds on the decay of Gss′(x)
and Γss′(x) are obtained by the decoupling of the hyperplane method (see [20,
18,21,14]). Our results hold for all sufficiently small hopping parameter κ. The
bounds on G and Γ are given in the theorem below.
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Theorem 1. Let |x| ≡ ∑d
i=1 |xi|. For 0 < κ ≪ 1, and for c denoting a positive

constant, independent of κ, the following bounds hold:

|Gss′(x)| ≤ cκ3|x0|+3|x| ; (2.14)

|Γss′(x)| ≤
{

cκ3+5(|x0|−1)+3|x| , |x0| ≥ 2
cκ3|x0|+3|x| , |x0| ≤ 1 .

(2.15)

The short-distance behaviors of G(x) and Γ (x) are given by:

Theorem 2. Let 0 < κ ≪ 1, µ, ν = 0, 1, . . . , d and e0, ei and ej, i, j = 1, . . . , d,
denote the time and space unit vectors, and ε, ε′ = ±1. The following short-
distance behaviors hold:

|Gss′(x)| =





−δss′ +O(κ8) , x = 0 ;
c3,0κ

3δss′ +O(κ9) , x = εe0 ;
c3κ

3δss′ +O(κ7) , x = εej ;
[c6,0δµ 0 + c6δµ j ] δss′κ

6 +O(κ10) , x = 2εeµ ;
cs,µνκ6δss′ +O(κ10) , x = εeµ + ε′eν , µ < ν ;

(2.16)
and

|Γss′(x)| =





−δss′ − (2dc2
3 + 2c2

3,0)κ
6δss′ +O(κ8) , x = 0 ;

−c3,0κ
3δss′ +O(κ11) , x = εe0

−c3κ
3δss′ +O(κ11) , x = εej

O(κ12) , x = 2εe0 ;
−(c2

3 + c6)κ6δss′ +O(κ10) , x = 2εej

−[cs,µ,ν + 2c2
3]κ

6(1− δ0µ)(1− δ0ν)δss′ +O(κ10) ,
x = εeµ + ε′eν , µ < ν ;

O(κ10) , |x0| = 1, |x| ≤ 2 ;
O(κ13) , |x0| = 2, |x| ≤ 1 ;
O(κ16) , |x0| = 3, |x| = 0 ;
O(κ19) , |x0| = 4, |x| = 0 ,

(2.17)

where the κ independent constants are given by

c3 0 = −6 , c3 = − 3
4

c60 = −c2
3 0 , c6 = − 9

2

(2.18)

and
cs µν = Aεeµ,x

s + Aε′eν ,x
s , µ < ν , x = εeµ + ε′eν . (2.19)

with

Aεeµ,x
s = − 9

16

[
δ|s| 3/2 Λεeµ ε′eν

33,33,33 + δ|s| 1/2

(
Λεeµ ε′eν

33,33,44 + 2Λεeµ ε′eν

33,34,43

)]
, (2.20)

where we set

Λεeµ ε′eν

α1β1,α2β2,α3β3
=

3∏

k=1

[
Γ εeµ

Γ ε′eν
]

αkβk

. (2.21)
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Remark 1. The absence of lower order terms in Γss′ , as compared to Gss′ , for
|x0| = 1, 2, 3, 4, is due to explicit cancellations in the Neumann series and im-
proves the hyperplane method bounds obtained in Theorem 1.

Concerning the mass spectrum, i.e. the e-m spectrum at zero-space momen-
tum, it turns out that the mass is determined up to O(κ6) by the values of
Γss′(x) up to distance |x| ≤ 2, and s = s′. The κ6 contribution to Γ (x), for these
values of x, comes from the first and second order terms in Gn [see Eq. (2.13)]
in the Neumann series to Eq. (2.11). The second order terms are independent of
s since they are products of two κ3 terms of Gn,ss′(x), for points x of distance
one, which are diagonal and independent of s. For the first order term in Gn(x),
|x| = 2, the κ6 contributions come from straight contributions and angle contri-
butions. Straight contributions have two subsequent sets of three identical bonds,
with the same orientation, connecting e.g. the point 0 to εeµ and then to 2εeµ);
and the property for the Γ matrices of Eq. (3.31) guarantees that these contri-
butions behave like the κ3, diagonal and s-independent contributions Gn,ss′(x),
|x| = 1, and do not give rise to mass splitting as well. Angles are contributions to
Gn,ss′(x) for points of the form x = εei + ε′ej , i, j = 1, 2, . . . , d, i < j, ε, ε′ = ±1.
These are L-type contributions associated with two sets of three lattice bonds,
with the same orientation; one set connecting the points 0 → εei and the other
connecting εei → εei + ε′ej , or one set connecting the points 0 → εej and the
other connecting εej → εei + ε′ej . They contribute to mass splitting in O(κ6),
for d = 2. For d = 3, they add up to zero and no mass splitting appears (see
Theorem 3).

Before stating our results on the mass spectrum and dispersion curves, we
give an intuitive picture for the asymptotic behavior of the mass. Retaining only
the diagonal part of Γss′(x), x = 0 and |x0| = 1, the equation for the mass is

det Γ̃ (p0 = iM, p = 0) u (1 + c3,0κ
3 eM )4 = 0 , M ∈ R ,

so we have a mass M with magnitude of order −3 ln κ, with a four-fold degen-
eracy.

To rigorously determine the e-m spectrum, we first consider the subspace
Hb ⊂ Ho ⊂ H, generated by three quarks or anti-quarks. Our analysis begins
by exploiting symmetries for p = 0. Γ̃ (p0 = iM, p = 0) is shown to be diagonal
and only depends on |s|, s = ±1/2,± 3/2. The determination of the non-singular
part can be cast into an analytic implicit function problem. For p 6= 0, we have
not shown that Γ̃ (p0 = iM, p) is diagonal, but the asymptotic form of the
dispersion curve can be obtained by a Rouché theorem argument for the zeroes
of det Γ̃ (p0 = iw(p), p). Our results in Hb are extended to the whole odd Hilbert
space Ho by adapting the Euclidean subtraction method of [8].

The results for the e-m spectrum are given in the theorem below.

Theorem 3. The spectral multiplicity of the spectrum described below is doubled
due to identical contributions of baryonic particles and anti-particles. For small
κ, we have:

1. The mass spectrum in Ho and for the energy interval (0,−(5− ε) ln κ), ε > 0,
contains two-masses (not necessarily distinct) M3/2 = M−3/2 and M1/2 =
M−1/2, each of multiplicity two and

Ms = −3 ln κ + rs(κ) , (2.22)
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and rs(κ) ≡ rs(κ, d) is real analytic in κ, for each d. We obtain

rs(κ) = − ln |c3 0|+ 2dc3κ
3 + [4dc2

3 + 2dc6

+c2
3 0 − 1

2 (2dc3)2 + 4(cs 12 + cs 13 + cs 23)]κ6 +O(κ7) ,

where cs 13 and cs 23 are to be omitted for d = 2. For d = 3, cs 13+cs 23+cs 12 =
0, so there is no mass splitting up to and including O(κ6). For d = 2, the
mass splitting is given by M3/2 − M1/2 = 4(c3/2 12 − c1/2 12)κ6 + O(κ7) =
18κ6 +O(κ7).

2. The e-m spectrum in Ho and for the energy interval (0,−(5− ε) ln κ), ε > 0,
consists of four dispersion curves, two by two identical and not necessarily
distinct from each other, each of which has the form

w(p) = −3 ln κ− ln |c3 0|+ 2dc3κ
3 − c3κ

3
d∑

j=1

2(1− cos pj) +O(κ6) . (2.23)

The curves w(p) are increasing functions of each component pj of p, and are
convex for small |p|.

Remark 2. In contrast to Eq. (2.23), for free fermions and small |p|, the coefficient
of the |p|2 term in w(p) is proportional to κ.

Remark 3. The nonzero mass splitting in d = 2, in contrast to the case d = 3,
may have its origin in the fact the spatial rotation group, even on the lattice, is
abelian for d = 2 whereas it is non-abelian for d = 3. As we will see below, the
definition of a charge conjugation transformation is also d dependent.

Let us now turn to a discussion of symmetries, other than gauge, and give
our symmetry results. Symmetry operations are defined on the field (gauge and
Grassmann) algebra. A symmetry operation Y maps single Grassmannian fields
by

Yψa,α(x) = Aαβψ̃aβ(Yx)
Y ψ̄a,α(x) = ˜̄ψaβ(Yx)Bβα ,

(2.24)

and acts on functions f(gxz) of the gauge group SU(3) by

Y f(gxz) = (Yf)(gYxYz) , (2.25)

where Y is a transformation acting on the coordinates, ∼ means a bar or removal
of a bar, if one is already present. On Grassmannian monomials M1, M2, Y is
taken to have the property

Y(M1M2) = Y(M1)Y(M2) ,

which we call order preserving (homomorphism) or

Y(M1M2) = Y(M2)Y(M1) ,

which we call order reversing (anti-homomorphism). The symmetry operation is
extended to the whole algebra of the fields by linearity or anti-linearity.
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A symmetry of the model is defined to be a symmetry operation which leaves
invariant the action S of Eq. (2.2) and which has the following property involving
the normalized expectations of gauge invariant functions F of the fields:

〈YF 〉 = 〈F 〉] , (2.26)

where 〈F 〉] means either 〈F 〉 or 〈F 〉∗.
Furthermore, the symmetry can be implemented on the quantum mechanical

Hilbert space H by a linear or anti-linear operator stabilizing the null space N
i.e. such that if F ∈ N then YF ∈ N .

Our results on rotation, coordinate reflection, parity and charge conjugation
(see [22]) are given in the next theorem.

Theorem 4. Each of the symmetry operations specified below is a symmetry of
the model.

The Case d = 3:

1. Spatial rotations r by π/2 and π about:

(a) The direction e1: r1(e1, e2, e3) = (e1, e3,−e2), with B =
eiπ/4

√
2

(1−γ2γ3) =

A−1, and f(gxy) 7→ f(gr1x r1y). For rotations of angle π, B = −iγ2γ3.

(b) The direction e2: r2(e1, e2, e3) = (−e3, e2, e1), with B =
eiπ/4

√
2

(1−γ3γ1) =

A−1, and f(gxy) 7→ f(gr2x r2y). For rotations of angle π, B = −iγ3γ1.

(c) The direction e3: r1(e1, e2, e3) = (e2,−e1, e3), with B =
eiπ/4

√
2

(1 − γ1γ2)

= A−1, and f(gxy) 7→ f(gr3x r3y). For rotations of angle π, B = −iγ1γ2.
2. Spatial coordinate reflections R in:

(a) The coordinate e1: R1(e1, e2, e3) = (−e1, e2, e3), with B = iγ0γ2γ3 = A−1,
and such that f(gxy) 7→ f(gR1xR1y).

(b) The coordinate e2: R2(e1, e2, e3) = (e1,−e2, e3), with B = iγ0γ1γ3 = A−1,
and such that f(gxy) 7→ f(gR2xR2y).

(c) The coordinate e3: R3(e1, e2, e3) = (e1, e2,−e3), with B = −iγ0γ1γ2 =
A−1, and such that f(gxy) 7→ f(gR3xR3y).

3. Parity P: P(e1, e2, e3) = (−e1,−e2,−e3), with B = γ0 = A−1, and such that
f(gxy) 7→ f(gPxPy ).

4. Charge Conjugation C: ∼ means bar, B = γ2γ0, and such that f(gxy) 7→
f(g∗xy).

5. Time Reversal T : T (e0, e1, e2, e3) = (−e0, e1, e2, e3), B = γ0, ∼ means bar,
] means complex conjugation, f(gxy) 7→ f(gT x T y)∗.

The symmetry operations 1−3 are order preserving, 4−5 are order reversing,
1− 4 (respectively, 5) are linear (respectively, anti-linear) and are implemented
on H by unitary linear (respectively, anti-linear) operators.

The Case d = 2:
Of course, we do not have rotations r1 and r2, and also the e3 axis reflection.

The matrices A and B are the same as the above, except for charge conjugation,
where A = γ1 = B.

Remark 4. We refer the reader to [22], for comparison with the continuum.
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Before we close the Introduction, we make some remarks on the consequences
of some of the symmetries of Theorem 4. Charge conjugation implies

G`
ss′(u, v) = Sss1G

u
s1s2

(u, v)St
s2s′ ,

where StS = I4 = SSt, S2 = −I4, leading to det Γ̃ `(p) = det Γ̃u(p) so that the
mass spectrum and dispersion curves for the baryon particles and anti-particles
are identical. Spatial rotations, coordinate reflections and parity are used to
obtain symmetry properties of Γ̃ss′(p) via those of G̃ss′(p), which in turn follow
from symmetry properties of Gss′(x). Recall that the masses and dispersion
curves are determined to O(κ6) by the short distance behavior of Gss′(x) for
distances |x| ≤ 2. It is enough to determine Gss′(x) e.g. for x = 0, e0, e1, 2e1, e1+
e3, and the other contributions are determined by the use of symmetries, and
indeed to all orders in κ.

The rest of the paper is devoted to prove Proposition 1 and our four main
theorems and is organized as follows: in Section 3 we first prove Proposition 1.
Next, Theorem 1 is proved, using a decoupling of hyperplane method, and last
we prove Theorem 2; in Section 4, we prove Theorem 3; in Section 5, we prove
Theorem 4; and leave Section 6 for concluding remarks. We point out that many
of the proofs involve long and tedious computations. In these cases, we only give
prototype detailed calculations, as brief as possible, but trying to keep this work
as self-contained as possible.

3. Decay Bounds and Short-Distance Behavior of G and Γ

We begin this section by giving the proof of Proposition 1.

Proof of Proposition 1. For u0 < v0, Gss′(u, v) = 〈φs(u)φ̄s′(v)〉 = −〈[T v0−u0−1
0

× T v−uφ̄s′(1/2,0)]φs(−1/2,0)〉. But φs(−1/2,0) = Θφs(1/2,0) so that

Gss′(u, v) = 〈[T v0−u0−1
0 T v−uφ̄s′(1/2,0)][Θφ̄s(1/2,0)]〉 .

Note that by the parity symmetry of Theorem 4, since φ̃η(w0,0) has parity −1,
v − u can be replaced by u − v here and for u0 > v0 below. The F-K formula
of Eq. (2.4) gives the result. For u0 > v0, write Gss′(u, v) = −〈φ̄s(u)φs′(v)〉∗ =
−〈[Tu0−v0−1

0 Tu−vφ̄s(1/2,0)] Θφs′(1/2,0)〉∗, and the result follows by the F-K
formula of Eq. (2.4). ut

We now use the decoupling of hyperplane method to obtain bounds on G and
Γ , as given in Theorem 1. We assume that the reader has some familiarity with
this method and refer to [20,21,18,14] for more details.

We will encounter gauge group integrals of monomials in the group matrix
elements gij (i, j = 1, 2, 3 denote SU(3) matrix elements, and we suppress the
lattice points from the notation) and the inverses g−1

ij . Following the techniques
developed in the Chapter 8 of [19] and in [23,24], for the general SU(N) case, if
g−1

ij occurs, it is substituted by the cofactor expression

g−1
ij =

1
2

εji2i3 εij2j3 gi2j2gi3j3 .
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Next, the following generating function formula will be the basis for computing
gauge group integrals (see [24]),

∫
eJg dµ(g) =

∞∑
n=0

an(detJ)n , (3.27)

where Jg =
∑3

i,j=1 Jij gij , and the coefficients an > 0 are determined recursively
and given by an = 2!

n!(n+1)!(n+2)! . Integrals of monomials in the g’s are given by

the derivatives with respect to the ‘sources’ J at J = 0. Since detJ =
∑3

i1,..., j3=1
1
3! εi1i2i3εj1j2j3Ji1j1Ji2j2Ji3j3 , the integral of a monomial with only g’s vanishes
unless its degree is a multiple of three. In particular, we obtain

∫
ga1b1g

−1
a2b2

dµ(g) =
1
3

δa1b2 δa2b1 , (3.28)
∫

ga1b1ga2b2ga3b3 dµ(g) =
1
6

εa1a2a3 εb1b2b3 . (3.29)

These results can also be obtained using the decomposition of tensor product
representations and the Peter-Weyl orthogonality relations (see [17]).

Also, we use the following properties involving Γ matrices (µ, ν = 0, 1, 2, 3,
and ε, ε′ = ±1)

Γ εeµ

Γ−εeµ

= 0 , (3.30)

Γ εeµ

Γ εeµ

= −2Γ εeµ

, (3.31)

Γ εeµ

Γ ε′eν

= 2I4 − Γ−ε′eν

Γ−εeµ

. (3.32)

We will obtain decay properties for the more general gauge invariant correla-
tion functions defined by

〈F (u)L(v)〉 = 〈[(T0)u0−1/2TuF ][(T 0)v0−1/2T vL]〉 , (3.33)

where F,L ∈ Ho, and are supported in w0 = 1/2, T0 is time translation by e0

and Tu = T 1,u1
. . . T d,ud

is space translation by u = (u1, . . . , ud) ∈ Zd.
We discuss explicitly the decoupling procedure for the time (vertical) di-

rection. The space directions are treated similarly, and together with the time
direction. The arguments are carried out for correlation functions in a finite
volume Λ ∈ Zd+1

o , with bounds uniform in the volume |Λ|, and extend to the
infinite volume using standard consequences of the polymer expansion (see e.g.
[22,18]).

For u0 < v0, p ∈ Z, u0+1/2 ≤ p ≤ v0−1/2 (or, if u0 > v0, v0+1/2 ≤ p ≤ u0−
1/2), replace the hopping parameter κ > 0 multiplying the nonlocal fermionic
part of the action (2.2) (not the κ in M) by κp ∈ C. With α = (α1, α2, α3)
denoting a multiple spin index, letting

b̃α(u) = εa1a2a3 ψ̃a1α1(u)ψ̃a2α2(u)ψ̃a3α3(u) ,

and denoting ∂r/∂κr
p by ∂r and by ∂r

0 its κp = 0 value, the following properties
hold.
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Lemma 1. Concerning the derivatives of G, we have:

1. If u0 6= v0, ∂r
0 〈F (u)L(v)〉 = 0 , r = 0, 1, 2, 4.

2. If u0 < v0, and r = 3,

∂3
0 〈F (u)L(v)〉 = −1

6

∑

w|w0=−1/2+p

∑
σ

[〈F (u)b̄`
σ(w)〉 〈b`

σ(w + e0)L(v)〉

− 〈F (u)bu
σ(w)〉 〈b̄u

σ(w + e0)L(v)〉]
∣∣
κp=0

. (3.34)

3. If u0 > v0, and r = 3,

∂3
0 〈F (u)L(v)〉 = −1

6

∑

w|w0=−1/2+p

∑
σ

[〈L(v)b̄`
σ(w)〉 〈b`

σ(w + e0)F (u)〉

− 〈L(v)b`
σ(w)〉 〈b̄`

σ(w + e0)F (u)〉]
∣∣
κp=0

. (3.35)

Proof . Consider u0 < v0; the argument for u0 > v0 is similar. Expanding
〈F (u)L(v)〉 in powers of κp brings powers of the inter-hyperplane part of the
action (2.2) into the integrands of the numerator and denominator (partition
function Z of Eq. 2.1) of the expression for this correlation function. For the
denominator, the κp coefficient is a sum of single bond terms, and each term is
a product of expectations containing a single Grassmann field (fermion) ψ or ψ̄
which integrates to zero. The coefficient of κ2

p is a sum of terms with two bonds
which must be coincident and of opposite orientation in order that the gauge
group integral be nonzero. The gauge group integral can then be performed using
(3.28) and is nonzero. For the numerator, we consider the coefficients of κ0

p, κ1
p

..., κ4
p. For κ0

p, the expectation factorizes and each of the two factors has an
odd number of fermions and gives zero upon integration. The same argument
holds for the coefficients of κ2

p and κ4
p. For κ1

p, the integral over the single inter-
hyperplane gauge field gives zero. Finally, for the coefficient of κ3

p, we have terms
with three bonds. For a nonzero contribution, these bonds must be coincident
and have the same orientation and the gauge group integral is performed using
Eq. (3.29). However, by applying the property of Γ matrices given in Eq. (3.30),
for the time direction µ = 0, gives the result. ut

To calculate the κp derivatives of Γ , it is convenient to consider instead Γ ′ ≡
−Γ , minus the convolution inverse of G, and use the formula

∂rΓ ′ =
r−1∑
s=0

(
r
s

)
Γ ′ ∂r−sG∂sΓ ′ . (3.36)

The first four κ = 0 derivatives of Γ are given in the next lemma.

Lemma 2. For the derivatives of Γ , we have:

1. If u0 6= v0, ∂r
0Γ (u, v) = 0, r = 0, 1, 2.

2. If u0 < v0, ∂3
0Γ (u, v) = − 1

6

∑
w|w0=−1/2+p δuwδw+e0,v.

3. If u0 > v0, ∂3
0Γ (u, v) = − 1

6

∑
w|w0=−1/2+p δvwδw+e0,u.

4. If u0 + 1 < v0 or u0 − 1 > v0, ∂4
0Γ (u, v) = 0.
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Proof . For the first statement, consider first u0 < v0. Using Eq. (3.36) and
Lemma 1, the result follows directly; and similarly for u0 > v0. For the second
statement, using the first one and the second statement of Lemma 1, we have

∂3
0Γ (u, v) =

∑

w,z|w0+1/2≤p≤z0−1/2

Γ (u,w)∂3G(w, z)Γ (z, v)

∣∣∣∣∣∣
κp=0

= (3.37)

−1
6

∑

w,z|w0+1/2≤p≤z0−1/2

Γ (u, w)
∑

r|r0+1/2=p

G(w, r)G(r + e0, z)Γ (z, v)

∣∣∣∣∣∣
κp=0

.

Using the first item of Lemma 1, for r = 0, the w and z sums can be taken over
all values to give the result. The third statement follows from a similar argument.
The fourth one follows from the first three and using Eq. (3.36) again. ut

We are now ready to prove Theorem 1.

Proof of Theorem 1. Using a Cauchy integral representation for each κp and
for analogous spatial complex hyperplane decoupling parameters, taking into
account the number of vanishing derivatives as given in Lemmas 1 and 2, and
using Cauchy estimates on the multiple integral gives the result. ut

Let us now turn to the proof of Theorem 2. The corrections to the asymptotic
mass value of −3 ln κ which we need for the determination of mass splitting re-
quire precise values of Γss′(x) for small |x|. The results go beyond those obtained
by the hyperplane method, and rely on explicit cancellations in the Neumann
series for Γ . The results below are obtained expanding in powers of κ and con-
trolling the remainders using the analyticity of G and Γ , and the decay bounds
of Theorem 1.

Proof of Theorem 2. Consider the expansion of the denominator of G in powers
of κ. Here, the contributions are associated with bond cycles. For a point where
the bonds arrive and leave in opposite directions, the fermi integration gives
products of matrices Γ in which the property of Eq. (3.30) is used to give zero.
The first nonvanishing contribution occurs for κ8, corresponding to two sets of
four bonds going around an elementary square in opposite directions. For the
numerators in G(u, v), we obtain bond contributions connecting u to v. Bonds
are always oriented in such a way they have a ψ̄ field attached at the source and
a ψ at the end. For the lowest orders in κ, the bond connecting u to v must be
made of coinciding bonds, two by two (with opposite directions) or three by three
(with the same direction); and the gauge group integrals can be done using Eqs.
(3.28) and (3.29). Otherwise, the gauge group integral gives zero. An exception
here is the κ5 contribution to G(x), with |x| = 1, with four coinciding bond
with the same direction and one bond with the opposite one. This contribution
gives zero, after integrating over the fermions and gauge fields, because of the
structure of the matrices Γ . We explicitly carry out two typical calculations: one
for the κ3 contribution to G(x), associated with x = εeµ (|x| = 1), involving
one distance unit, and another for the case of an angle contribution to G(x) for
x = εeµ + ε′eν , µ < ν, so that |x| = 2. The straight |x| = 2 contribution case
µ = ν and ε = ε′ is simpler as the property (3.31) ensures its behavior is like the
case |x| = 1. The other contributions are obtained similarly.
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The κ3 contribution to the case |x = u−v| = 1, involves three identical bonds
connecting u to v, with the same orientation. After performing the gauge group
integral, using Eq. (3.29), we obtain, for Gss′(x),

1
6
(
κ

2
)3εa1a2a3εb1b2b3 〈φs(u)ψ̄a1α1(u)ψ̄a2α2(u)ψ̄a3α3(u)〉0

× Γ εeµ

α1β1
Γ εeµ

α2β2
Γ εeµ

α3β3
〈ψb1β1(v)ψb2β2(v)ψb3β3 φ̄s′(v)〉0 .

The presence of the lower field φs (φ̄s′) forces the α’s (β’s) to be lower indices
in the first (second) expectation. In the lower index subspace, Γ εeµ

is diagonal
with values −2 (time direction) and −1 (space directions). With this, we obtain

−1
6
(
κ

2
)3 [8δµ0 + δµj ] εa1a2a3εb1b2b3 〈φs(u)ψ̄a1α1(u)ψ̄a2α2(u)ψ̄a3α3(u)〉0

× 〈ψb1α1(v)ψb2α2(v)ψb3α3(v)φ̄s′(v)〉0 .

Now, in order to have a nonzero contribution, the spin indices for φs and φ̄s′ must
be equal to the fermions in each 〈 · 〉0 factor, which gives s = s′. The computation
continues using Wick’s theorem, paying attention to the normalization factors
for φs and φ̄s′ given in Eq. (2.7) and, next, performing the sum over the color
indices, which gives us a multiplicative factor 36.

The κ6 contribution of the angle 0 → εeµ → εeµ + ε′eν ≡ x to Gss′(x = u−v)
is denoted by κ6Aεeµ,x

ss′ and has three g0 εeµ emanating from zero in the εeµ

direction and three gεeµ x emanating from εeµ and going to x. After the gauge
integrations of (g0 εeµ)3 and (gεeµ x)3, using Eq. (3.29), and fermi integration of
the fields at εeµ using Wick’s theorem, with 〈 〉0 denoting the expectation with
the hopping parameter set to zero in the action of Eq. (2.2), we get

Aεeµ,x
ss′ = − (

1
2

)6 〈φs(u)εa1a2a3 ψ̄a1α1(u)ψ̄a2α2(u)ψ̄a3α3(u)〉0 ×
( 1
6 )

∑
σ δβ1σ(α4)δβ2σ(α5)δβ3σ(α6) Γ εeµ

α1β1
Γ εeµ

α2β2
Γ εeµ

α3β3
Γ ε′eν

α4β4
Γ ε′eν

α5β5
Γ ε′eν

α6β6

× 〈εb4b5b6 ψ̄b4β4(v)ψ̄b5β5(v)ψ̄b6β6(v)φ̄s′(v)〉0 ,

where
∑

σ means sum over permutations of 4, 5, 6.
Carrying out the β1, β2 and β3 sums, we get

Aεeµ,x
ss′ = − (

1
2

)6 〈φs(u)εa1a2a3 ψ̄a1α1(u)ψ̄a2α2(u)ψ̄a3α3(u)〉0 ×
( 1
6 )

∑
σ

[
Γ εeµ

Γ ε′eν
]

α1σ(β4)

[
Γ εeµ

Γ ε′eν
]

α2σ(β5)

[
Γ εeµ

Γ ε′eν
]

α3σ(β6)

× 〈εb4b5b6 ψ̄b4β4(v)ψ̄b5β5(v)ψ̄b6β6(v)φ̄s′(v)〉0 .

Since the last factor is unchanged by permutations of β4, β5 and β5, we can
perform

∑
σ to get

Aεeµ,x
ss′ = − (

1
2

)6 〈φs(u)εa1a2a3 ψ̄a1α1(u)ψ̄a2α2(u)ψ̄a3α3(u)〉0 Λεeµ ε′eν

α1β4,α2β5,α3β6

× 〈εb4b5b6 ψ̄b4β4(v)ψ̄b5β5(v)ψ̄b6β6(v)φ̄s′(v)〉0 ,

where we have used the definition given in Eq. (2.21). The presence of φs and φ̄s′

constrains the indices α1, . . . , α3, β4, . . . , β6 to be lower indices (i.e. to assume
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values 3 or 4). Calculating the 〈 〉0 factors, we finally get, for s = s′, Eq. (2.20),
with the identification Aεeµ,x

ss ≡ Aεeµ,x
s .

These results lead to Eq. (2.16). To obtain the results for Γ given in the
second part of Theorem 2, we recall the discussion given in section 1 and note
that Γss′ is obtained from Gss′ from the Neumann series [see Eq. (2.11)]. We
show how cancellations occur, which improves the hyperplane method bound.
We explicitly consider the case x = εe0 + ε′ej , j = 1, . . . , d; the other cases
where there are one, two, three or four time units are treated similarly. Recall
that [see Eq. (2.12)] Gd,ss′(u, v) = Gss′(u, v)δss′δuv and from Theorem 2 we
obtain Gss(0, 0) = −1 + O(κ8). With Gn given in Eq. (2.12) and using Γ =∑∞

i=0 (−1)i[G−1
d Gn]iG−1

d , for x = u− v 6= 0, we write

Γss′(u, v) = −G−1
d,ss(0)Gn,ss′(u, v)G−1

d,s′s′(0) +
∑
w,s1

G−1
d,ss(0)Gn,ss1(u,w)

× G−1
d,s1s1

(0)Gn,s1s′(w, v)G−1
d,s′s′(0) + O(G3

n) . (3.38)

For s = s′, there are two κ6 angle contributions to Gn,ss(u, v) in the first term
of Eq. (3.38), and these are cancelled by the product of two O(κ3) contributions
for w − v = εe0 and w − v = εej in the second term of Eq. (3.38), using Eq.
(2.16). ut

4. Spectral Results

We now prove Theorem 3. The proof is done in two steps. First, we consider the
restriction to the baryonic space Hb. Then, we extend the results to the whole
odd space Ho, up to −(5 − ε) ln κ, i.e. up to near the meson-baryon threshold.
To determine the baryon masses and dispersion curves, we find the p0 imaginary
axis solutions of det Γ̃ (p0,p) = 0. For the mass spectrum, we find, by the use
of symmetries, that Γ̃s,s′(p0,p = 0) is diagonal and only depends on |s|. Fur-
thermore, we show that Ms + 3 lnκ is real analytic in κ. For p 6= 0, as we have
not found symmetries which simplify the matrix structure, and we determine
the dispersion curves w(p), where det Γ̃ (p0 = iw(p), p) = 0, by an application
of Rouché’s Theorem.

We state some symmetry properties in the next Lemma.

Lemma 3. The following symmetry properties hold for G and Γ .

1. Gss′(x) = [Gs′s(x)]∗ and Γss′(x) = [Γs′s(x)]∗;
2. For χ ∈ R, let p0 = iχ. We have G̃ss′(iχ, p) = [G̃s′s(iχ, p)]∗ and Γ̃ss′(iχ, p) =

[Γ̃s′s(iχ, p)]∗;
3. At p = 0, G̃ss′(p0, p = 0) = G̃−s−s′(p0,p = 0) and Γ̃ss′(p0, p = 0) =

Γ̃−s−s′(p0, p = 0);
4. At p = 0, G̃ss′(p0, p = 0) = δss′G̃ss(p0, p = 0) and Γ̃ss′(p0, p = 0) =

δss′ Γ̃ss(p0,p = 0).

Proof . Here we use several symmetries given in Theorem 4. For x0 6= 0, the first
item follows directly from the spectral representation for Gss′ [see Eq. (2.9). For
x0 = 0, the result follows from time reversal and parity. Thus, item 1 holds for all
x. The proof of item 2 follows from parity invariance Gss′(x0, x) = Gss′(x0,−x).
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To prove item 3, we use reflection symmetry in the coordinate x1. Here x =
(x1, . . . , xd) 7→ x′ = (−x1, . . . , xd). Item 4 is a consequence of π/2 rotations
about the e3 axis. Here, for d = 3, x = (x0, x1, . . . , xd) 7→ x′ = (x0,−x2, x1, x3)
[x = (x0, x1, x2) 7→ x′ = (x0,−x2, x1), for d = 2] and ψ̃a 1(x) 7→ −ψ̃a 2(x′),
ψ̃a 2(x) 7→ −ψ̃a 2(x′), ψ̃a 3(x) 7→ ψ̃a 3(x′), ψa 4(x) 7→ −iψa 4(x′) and ψ̄a 4(x) 7→
iψ̄a 4(x′). ut

After using Theorem 2 and taking the Fourier transform, we have

Γ̃ss(p0,p = 0) = −1− 2dc3κ
3 − 2[c2

3 0 + 2dc2
3 + dc6]κ6 − 4(cs 12 + cs 13 + cs 23)κ6

+O(κ8)− [
(c3 0κ

3 +O(κ11))
]
(eip0

+ e−ip0
) + . . . (4.39)

We introduce an auxiliary function Hs(w, κ), jointly analytic in w and κ, for
small |κ| and |w|, such that Hs(w = −1− c3 0κ

3e−ip0
, κ) = Γ̃ss(p0,p = 0). The

function Hs(w, κ) is defined by

Hs(w, κ) = w − 2dc3κ
3 − 2[2dc2

3 + c2
3 0 + dc6]κ6 − 4(cs 12 + cs 13 + cs 23)κ6 +

c2
3 0

1 + w
κ6 +

∑
x

Γ ′ss(x
0 = 0, x)−

∑
x

Γ ′ss(x
0 = 1, x)

[
c3 0κ

3

1 + w
+

1 + w

c3 0κ3

]

+
∑

n≥1,x|(n,x)6=(1,0)

Γss(x0 = n, x)
[(−c3 0κ

3

1 + w

)n

+
(

1 + w

−c3 0κ3

)n]
, (4.40)

where Γ ′ss(x
0 = 0, x) (respectively, Γ ′ss(x

0 = 1, x)) contains the contributions
of O(κ8) (respectively, O(κ11)) or higher. Hs(0, 0) = 0 and ∂Hs

∂w (0, 0) = 1 and
hence the analytic implicit function theorem applies and gives us an analytic
function w(κ) such that H(w(κ), κ) = 0. Thus, for κ real positive, the mass is
given by

Ms = − ln
(−c3 0κ

3
)

+ ln (1 + w) .

By an analysis of the formulas for the implicit function derivatives, with
dw = −(∂H)−1∂kH ≡ −(Hw)−1, we find dr

0w = 0, r = 0, 1, 2, 4, 5 and

d3
0w = −∂3

κH(0, 0) = 12c3d ,

d6
0w = −∂6

κH(0, 0) = −6!
[−4dc2

3 − 2dc6 − c2
3 0 − 4(cs 12 + cs 13 + cs 23)

]
.

Hence, for d = 3,

Ms = −3 ln κ− ln |c3 0|+ 2dc3κ
3+[

4dc2
3 + 2dc6 + c2

3 0 − 1
2 (2dc3)2 + 4(cs 12 + cs 13 + cs 23)

]
κ6 +O(κ7) ,

and similarly, for d = 2, with cs 13 = 0 = cs 23.
For an explicit calculation, for i < j, we use the compact notation Λij

0 , Λij
1

and Λij
2 for Λei ej

33 33 33, Λei ej

33 33 44 and Λei ej

33 34 43, respectively. Thus, from Eq. (2.20),

Aei ej

ss = −36
(

1
2

)6 [
δ|s| 3/2 Λij

0 + δ|s| 1/2

(
Λij

1 + 2Λij
2

)]
,

and
Gss(x = ei + ej) = Aei ej+ei

ss + Aej ej+ei

ss ≡ cs ijκ
6 .
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By a direct computation, using the definition of Eq. (2.21), we find,

Λ12
0 = (1− i)3 = [Λ21

0 ]∗ , Λ13
0 = 1 = Λ31

0 , Λ23
0 = 1 = Λ32

0

Λ12
1 = (1− i)2(1 + i) = [Λ21

1 ]∗ , Λ13
1 = −1 = Λ31

1 , Λ23
1 = 1 = Λ32

1

Λ12
2 = 0 = Λ21

2 , Λ13
2 = −1 = Λ31

2 , Λ23
2 = −1 = Λ32

2 ;

so that (recall cs 13 = cs 23 = 0, if d = 2)

cs 12 = − 9
16

[−4δ|s| 3/2 + 4δ|s| 1/2

]
,

cs 13 = cs 23 = − 9
16

[
2δ|s| 3/2 − 2δ|s| 1/2

]
, d = 3 .

Thus, if d = 3, we have cs 12 + cs 13 + cs 23 = 0. This relation says that no mass
splitting appears in d = 3 up to O(κ6). On the contrary, cs 12 6= 0 gives rise to
a mass splitting for d = 2. Thus, up to and including O(κ6), we obtain

M3/2 −M1/2 =
{

18κ6 , d = 2
0 , d = 3 .

(4.41)

Let us now turn to the dispersion curves. They satisfy detΓ̃ (ip0 = iw(p), p) =
0. To determine them, with c3(p) ≡ c3

∑d
j=1 2 cos pj , we write the Fourier

transform of Γss′(x) as

Γ̃ss′(p0, p) =
[
−1− c3(p)κ3 − c3 0κ

3(e−ip0
+ eip0

)
]
δss′

+
∑
n,x

′
Γss′(n,x) e−ip.x(e−ip0n + eip0n) , (4.42)

where
∑

n,x
′ means that all terms of order κ6 or higher in Γss′(x) are included.

Introduce the auxiliary matrix function Hss′(w, κ) ≡ Hss′(w, k, p) such that
Hss′(w = −1− c3(p)κ3 − c3 0κ

3e−ip0
, κ) = Γ̃ss′(p0,p). Hss′(w, κ) is defined by

Hss′(w, κ) = wδss′ +
∑
n,x

′′
Γss′(n,x) e−ip.x ×

[(
1 + w + c3(p)κ3

−c3 0κ3

)n

+
( −c3 0κ

3

1 + w + c3(p)κ3

)n]
,

where
∑

n,x
′′ means that only O(κ6) terms or higher order terms are to be

included. H(w, κ) is jointly analytic in κ and w at (w, κ) = (0, 0).
Letting

f(w) ≡ detH(w, κ) = det wI + [detH(w, κ)− detwI]
≡ g(w) + h(w) ,

we can apply Rouché’s Theorem to f(w), with the circle |w| = c|κ|6, c ≫ 1.
On the circle, |g(w)| = c4|κ|24 and |h(w)| ≤ c1|κ|25 < c4|κ24| = |g(w)|, so that
f(w) has four zeroes inside |w| = c|κ|6 as g(w) = w4 has a fourth order zero.
Notice that the upper bound for |h(w)| comes from an upper bound on the
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remaining twenty three terms in the difference between the two determinants.
Now, for p0 = iw(p), and κ real positive, each of the four zeroes satisfying
det Γ̃ (p0 = iw(p),p) = 0 has the form

w(p) = −3 ln κ− ln |c3 0|+ 2dc3(p)κ3 − 2c3κ
3
∑d

j=1 (1− cos pj) +O(κ6) .

To extend the spectral results from Hb to Ho, we adapt the Euclidean sub-
traction method established in [8]. Omitting the spin indices, and reinstating
now the upper and lower indices introduced in Eqs. (2.5) and (2.6), we consider
the subtracted two-point correlation function

F(u1, u2) = GLL(u1, u2)−
∑

v1,v2∈Zd

Gu
L,Φu(u1, v1)Γu(v1, v2)Gu

χ,L(v2, u2)

−
∑

v1,v2∈Zd

G`
L,Φ`(u1, v1)Γ `(v1, v2)G`

χ`,L(v2, u2) ,

where Φu(s) = (φu
1 (s), φ̄u

2 (s)), Φ`(s) = (φ`
3(s), φ̄

`
4(s)); χu(v) = (φ̄u

1 (v),−φu
2 (v))

and χ`(v) = (φ̄`
3(v),−φ`

4(v)) have two components; Γu,`(s, v) is a given by the
convolution inverse of the two-point functions Gu,` of Eq. (2.8), and we suppress
the sum over spin components. Finally,

GFH(u, v) =
{

SF,H(u, v) , u0 ≤ v0

S∗
Θ(T 0)−tF−1/2F,−Θ(T 0)−tH−1/2H

, u0 > v0

with SF,H(u, v) = 〈F (u)H(v)〉, for F supported on 1/2 ≤ u0 ≤ tF and H on
1/2 ≤ v0 ≤ tH .

In this way, the extension to Ho is a consequence of the Lemma below.

Lemma 4. For u0 < v0, p ∈ Z, u0 + 1/2 ≤ p ≤ v0 − 1/2 (or, if u0 > v0,
v0 + 1/2 ≤ p ≤ u0− 1/2), and again denoting by ∂0 the κp derivative at κp = 0,
we have ∂r

0 F(u, v) = 0, for r = 0, 1, 2, 3, 4.

Proof . The proof is standard and follows from direct computation, paying atten-
tion to the support restrictions. It is trivial for r = 0. As before, it relies on the
product structure for ∂3

0 , as the one given in Lemma 1, for the two-point function
G. For r 6= 0, 3, the result follows from imbalance of fermion fields appearing in
the Fermi expectations. ut

This ends the proof of Theorem 3. ut

5. Symmetries

Here, we turn to the proof of the symmetries given by Theorem 4. We first obtain
the symmetries at the level of correlation functions and then we show that they
can be implemented on the Hilbert space H. To show 〈F 〉 = 〈YF 〉], as defined
in Eq. (2.26), it is enough to show that Y leaves the action invariant and that
〈F 〉} = 〈YF 〉]}, where 〈 〉} denotes the expectation with the action set to zero.

In the course of the proof, we utilize a change of variables formula for linear
transformations of ψ and separately for ψ̄ or, as in the case of charge conjugation
and time reversal, a formula for linear transformations that interchange ψ and
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ψ̄. More precisely, we use variations of the formula we now give. If ψi = U−1
ij ψ′j ,

ψ̄i = V −1
ij ψ̄′j , i.e., ψ′i = Uijψj , ψ̄′i = Vijψ̄j , we have

∫
F (ψ, ψ̄)

n∏

k=1

dψkdψ̄k = detU detV
∫

F (U−1ψ′, V −1ψ̄′)
n∏

k=1

dψ′kdψ̄′k .

(5.43)
The above equation is established by noting that the integral on the l.h.s. is

the coefficient of the maximal degree monomial
∏n

j=1 ψ̄jψj of F , written in this
order; writing this monomial in terms of the ψ̃′, and identifying the coefficients
of maximal degree yields formula (5.43).

For all symmetries except for rotations, the Grassmann variables transfor-
mation matrices are diagonal or anti-diagonal (i.e. diagonal along the secondary
diagonal) so that the change of variables formula is simple. We explicitly give
the proof of Theorem 4 for the charge conjugation symmetry C, as the other
proofs are simpler variations of this case.

We show the invariance of the action under C. We have

C
[
ψ̄aα(u)Γ eµ

αβg(u, u + eµ)abψbβ(u + eµ)
]

= ψ̄bγ(u + eµ)Aγβ ×
Γ eµ

αβBαρg(u + eµ, u)baψaρ(u) ,

which corresponds to the term of the action ψ̄bα(u+eµ)Γ−eµ

αβ g(u+eµ, u)baψaβ(u)
imposing the condition (t denotes the transpose)

[
A(Γ eµ

)tB
]

γρ
= Γ−eµ

γρ .

For d = 3, the above condition is satisfied if AB = I4 and A (γµ)t = −γµ A.
Since (γ0,2)t = γ0,2 and (γ1,3)t = −γ1,3, the above is satisfied taking A = γ0γ2;
so that B = A−1 = γ2γ0 and A2 = −I4. For d = 2, the condition Aγ3 = γ3A is
dropped and the above is satisfied taking A = γ1 = B.

Next, we show 〈C F 〉} = 〈F 〉}. Using the change of variable formula of
Eq. (5.43) and performing the Fermi integrals, we are left with the integral∫

f({g∗uv}) dµ(g). Fixing a gauge bond variable and, for a monomial, the gauge
bond integral is real by Eq. (3.27). The result extends to polynomials and, by
a limiting argument, to continuous functions. Using this property, we obtain∫

f({guv}) dµ(g) and we are done.
We now show that C can be implemented on the whole Hilbert space H. We

see that CΘψ̃(u) = −Θψ̃(u) and, for a function f({guv}), we have CΘf({guv}) =
ΘCf({guv}). If F is an odd monomial in ψ̃, then CΘF = −ΘCF and CΘF = ΘCF
if F is even. If F is supported on u0 ≥ 1/2, and F is even or odd, then (σ = 1
if F is odd and zero for even F ’s)

〈(C F )(Θ C F ) e−S〉} = (−1)σ〈(Θ F )F e−S〉}
= 〈F Θ F e−S〉} .

For general F , we decompose it into its even and odd components, i.e. F =
Fe + Fo. Since 〈(C Fe)(Θ C Fo) e−S〉} = 〈Fe Θ Fo) e−S〉} = 0, we obtain that
〈(C F )(Θ C F ) e−S〉} = 〈F Θ F ) e−S〉}, for an arbitrary F . Thus, if F ∈ N then
CF ∈ N and C can be lifted to H as a unitary operator obeying C2 = −I.
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In the next step, we obtain the relation between the particle and anti-particle
two-point correlation functions 〈φ`

s(u)φ̄`
s′(v)〉 and 〈φ̄u

s (u)φu
s′(v)〉, respectively. We

take d = 3. The analysis is similar for d = 2. From the definition given in
the statement of Theorem 4, C transforms the ψ̃’s in the following way (re-
taining only spin indices): ψ1 7→ −ψ̄1, ψ2 7→ ψ̄3, ψ3 7→ −ψ̄2, ψ4 7→ ψ̄1, and
the same upon interchanging bar and unbarred ψ̃’s. Thus, Cφ`

±3/2 = ±φ̄u
∓3/2,

Cφ`
±1/2 = ∓φ̄u

∓3/2, and the same interchanging bar and unbarred φ’s. Thus,
we obtain 〈φ`

s(u)φ̄`
s′(v)〉 = ∓〈φ̄u

−s(u)φu
−s′(v)〉, with the minus sign for (s, s′) =

(±3/2,±3/2), (±1/2,±1/2), (±3/2,∓1/2) and (±1/2,∓3/2), and the plus sign
for the other (s, s′).

As the masses are determined by analyzing the diagonal two-point correlation
functions, with s = s′, we see that the particle and anti-particle masses are the
same.

In general, let S denote the transformation that takes the φu
s ’s into φ`

s’s.
Explicitly, S has nonzero entries only on the secondary diagonal and Sss′ = 1,
for (s, s′) = (3/2,−3/2) and (−1/2, 1/2), and −1 for (s, s′) = (−3/2, 3/2) and
(1/2,−1/2). It is easy to check that S satisfies StS = I4 = SSt, S2 = −I4 and
St = −S. Then

G`
ss′(u, v) = SsjG

u
jk(u, v)St

ks′ ,

and we have the same transformation for G̃u and Γ̃u, i.e. Γ̃ ` = SΓ̃uSt. Hence,
det Γ̃ ` = det Γ̃u, which implies that the particle and anti-particle dispersion
curves are identical.

This concludes the proof of Theorem 4. ut

6. Concluding Remarks

With more work, our methods can be used for the case of more than one flavor. It
would be interesting to determine in what order in the hopping parameter mass
splitting occurs (if at all) for the case of space dimension d = 3. As we have
shown the existence of baryons, and we have good control of their dispersion
curves, the question of the existence of baryon-baryon bound states is a most
interesting one.
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