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We consider bound states of two baryons (anti-baryons) in lattice QCD in an Euclidean formu-
lation. For simplicity, we analyze an SU(3) theory with a single flavor in 2 + 1 dimensions and
two-dimensional Dirac matrices. For small hopping parameter 0 < κ << 1 and large glueball mass,
recently we showed the existence of a (anti-)baryon-like particle, with asymptotic mass of order
−3 ln κ and with an isolated dispersion curve, i.e. an upper gap property persisting up to near the
meson-baryon threshold which is of order −5 ln κ. Here, we show there is no baryon-baryon (or
anti-baryon, anti-baryon) bound state solution to the Bethe-Salpeter equation up to the two-baryon
threshold which is approximately −6 ln κ.

PACS numbers: 12.38.Gc, 11.10.St, 11.15.Ha, 24.85.+p

The problem of the existence of QCD as well as its
particle spectrum and scattering content are fundamen-
tal problems in physics. Given the existence of baryons
there is also the problem of understanding the forces
between baryons (i.e. nuclear forces) from first princi-
ples, and thus bridging the gap between QCD and the
effective baryon, effective meson picture of nuclear forces
through single and multiple boson exchange arising from
a Yukawa interaction (see [1, 2]). In the lattice ap-
proximation to QCD much progress has been made to-
wards understanding the low-lying energy-momentum (e-
m) spectrum both at the theoretical and numerical level
(see [3–11]). For small hopping parameter 0 < κ << 1
and large glueball mass, here we consider the existence
of baryon-baryon bound states in the context of lattice
QCD in the Euclidean formulation (see [5, 6]). For sim-
plicity, we consider an SU(3) theory with a single fla-
vor in 2 + 1 dimensions and two-dimensional Dirac ma-
trices. Recently, in [12] we showed the existence of a
baryon (anti-baryon)-like particle with an isolated dis-
persion curve, ensuring the upper gap property, in the
full baryon sector, up to near the meson-baryon thresh-
old −5 ln κ. (An upper gap property has not been estab-
lished in the Hamiltonian formulation treatments.) The
corresponding (anti-)baryon mass is asymptotically of or-
der −3 ln κ. Analogous to the Källen-Lehman represen-
tation in quantum field theory, a spectral representation
was also obtained in [12] for the two-particle correlation
function which allows us to relate the singularities of its
Fourier transform to the energy-momentum spectrum via
a Feynman-Kac formula. Furthermore, the symmetries
of the model were established and analyzed. In this re-
port, we show that there are no baryon-baryon (or anti-
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baryon-anti-baryon) bound states, up to the two-baryon
threshold which is approximately −6 ln κ, using the lad-
der approximation to the Bethe-Salpeter (B-S) equation.
However, adapting the methods of [13], it can be shown
that the bound state non-existence result extends beyond
the ladder approximation to the full model. Whether or
not the absence of bound states here is a consequence of
using 2× 2 rather than 4× 4 Dirac matrices, one rather
than two or more flavors, and even a large glueball mass
and/or small hopping parameter is to be investigated.
In this way, in [14] we have established the existence of
baryon particles in the more realistic lattice model in
d = 2, 3 space dimensions and 4×4 Dirac matrices. Mass
splitting and symmetries were also determined. Similar
results are given for the meson sector in [15] (see also [7]).

Here, we consider the same SU(3) QCD lattice model
as in [12], in d = 2 space dimensions, with 2 × 2 Dirac
spin matrices and one flavor. The partition function is
given formally by

Z =
∫

e−S(ψ,ψ̄,g) dψ dψ̄ dµ(g) , (1)

where the model action S(ψ, ψ̄, g) is

S(ψ, ψ̄, g) = κ
2

∑
ψ̄α,a(u)Γεeµ

αβ (gu,u+εeµ)abψβ,b(u + εeµ)

+
∑

u∈Z3
o
ψ̄α,a(u)Mαβψβ,a(u)− 1

g2
0

∑
p χ(gp) ,

(2)
where the first sum runs over u ∈ Z3

o, ε = ±1 and µ
= 0, 1, 2. For F (ψ̄, ψ, g), the normalized expectations are
denoted by 〈F 〉.

We use the same notation and convention as appears
in [12] and for the treatment of symmetries we refer to
[14, 15]. Here, we recall that the Fermi fields ψα,a(u), a =
1, 2, 3, α = 1, 2 ≡ +,−, u = (u0, ~u) = (u0, u1, u2), are
defined on the lattice with half-integer time coordinates
u ∈ Z3

o ≡ Z1/2 × Z2, where Z1/2 = {±1/2,±3/2, . . .}.
Letting eµ, µ = 0, 1, 2, denote the unit lattice vectors,
there is a gauge group matrix U(gu+eµ,u) = U(gu,u+eµ)−1
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associated with the directed bond u, u+ eµ, and we drop
U from the notation. We assume the hopping parameter
κ to be small and much larger than the plaquette cou-
pling parameter g−2

0 > 0. Without loss of generality, the
parameter m > 0 is fixed such that M = m+2κ = 1. By
polymer expansion methods (see [6, 16]), the thermody-
namic limit of correlations exists and truncated correla-
tions have exponential tree decay. The limiting correla-
tion functions are lattice translational invariant. Further-
more, the correlation functions extend to analytic func-
tions in the coupling parameters.

The physical quantum mechanical Hilbert spaceH and
the e-m operators are obtained starting from gauge in-
variant correlation functions, with support restricted to
u0 = 1/2, by a standard construction. Letting T x0

0 , T xi

i ,
i = 1, 2, denote translation of the functions of Grassmann
and gauge variables by x0 ≥ 0, x ∈ Z3; and for F and G
only depending on coordinates with u0 = 1/2, we have
the Feynman-Kac (F-K) formula

(G,T x0

0 T x1

1 T x2

2 F )H = 〈[T x0

0 T x1

1 T x2

2 F ]ΘG〉 ,

where Θ is an anti-linear operator which involves time
reflection. We do not distinguish between Grassmann,
gauge variables and their associated Hilbert space vectors
in our notation. As linear operators in H, Tµ, µ = 0, 1, 2,
are mutually commuting; T0 is self-adjoint, with −1 ≤
T0 ≤ 1, and Tj=1,2 are unitary, so that we write Tj = eiP j

and ~P = (P 1, P 2) is the self-adjoint momentum operator,
with spectral points ~p ∈ T2 ≡ (−π, π]2. Since T 2

0 ≥ 0,
we define the energy operator H ≥ 0 by T 2

0 = e−2H , and
refer to each point in the e-m spectrum associated with
zero-momentum as mass.

We work in the subspace He ⊂ H generated by an even
number of ψ̂ = ψ̄ or ψ. For the pure gauge case and small
g−2
0 , the low-lying glueball spectrum is found in [17]. For

large g0, the glueball mass is ≈ 8 ln g0.
We now turn to our results and show how they are ob-

tained. Recently, considering the odd subspace Ho ⊂ H
and for small enough κ >> g−2

0 , and for energies less than
−(5 − ε) ln κ, 0 < ε << 1, in [12] we showed that in Ho

that the low-lying e-m spectrum consists of a three-quark
baryon-like particle and its anti-particle. The baryon
state is associated with φ̄−(u) and the anti-baryon with
φ+(u), where φ±(u) are vectors associated with Grass-
mann gauge invariant baryon fields given by

φ̂±
(
u0 = 1/2, ~u

)
=

1
6
εa,b,cψ̂a±ψ̂b±ψ̂c± = ψ̂1±ψ̂2±ψ̂3± ,

with either three ψ’s or three ψ̄’s. The as-
sociated two-point baryon function is G−(u, v) =
〈φ−(u)φ̄−(v)〉χu0≤v0 − 〈φ̄−(u)φ−(v)〉∗ χu0>v0 = G−(u−
v), where χ here denotes the characteristic function.
G−(x), x0 6= 0, admits the spectral representation

G−(x) = −
∫ 1

−1

∫

T2
(λ0)|x

0|−1ei~λ.~xdλ0α~λ(λ0)d~λ ,

where dλ0α~λ(λ0)d~λ = dλ0d~λ(φ̄−, E(λ0, ~λ)φ̄)H and E is the
product of the spectral families for the energy and mo-
mentum component operators. For its Fourier transform
G̃−(p) =

∑
x∈Z3 e−ip.xG−(x), p = (p0, ~p) ∈ T3, we get

G̃−(p) = G̃−(~p)− (2π)2
∫ 1

−1

∫
T2 f(p0, λ0)

× δ(~p− ~λ)dλ0α~λ(λ0)d~λ ,

where f(x, y) ≡ (eix − y)−1 + (e−ix − y)−1, G̃−(~p) =∑
x∈Z2 e−i~p.~xG−(x0 = 0, ~x), φ̄− = φ̄−(1/2,~0). There

is a similar definition for the associated two-point anti-
baryon function G+(u, v). From the symmetry results
from [12, 14], charge conjugation shows that all baryon
and anti-baryon spectral properties are the same. Thus,
from now on, we restrict our attention to G− and, when-
ever there is no confusion, suppress the subscript from
the notation. The associated dispersion relation is

w(~p) = −3 lnκ + r(κ, ~p)
= 3 ln M

2κ + ln[1− 2 κ3

M3 (cos p1 + cos p2)] +O(κ4) ,

with r(κ, ~p) real analytic in κ and each component pj

(j = 1, 2). Clearly, w(~p) ≈ mκ + κ3

M3 |~p |2 , |~p| ¿ 1, where
mκ ≡ w(~0) is the (anti-) baryon mass. Furthermore,
the spectral measure has the decomposition dλ0α~λ(λ0) =
Z(~p)δ(λ0 − e−w(~λ))dλ0 + dν(λ0, ~λ), where, for Γ̃(p) =
G̃(p)−1, we have Z(~p)−1 = −(2π)2 ew(~p) ∂Γ̃

∂χ (p0 =
iχ, ~p)|χ=w(~p), such that Z(~p) = −(2π)−2e−w(~p) +O(κ4),
with Z(~p) also real analytic in κ and pj , j = 1, 2. The
λ0 support of dν(λ0, ~λ) is contained in |λ0| ≤ |κ|5−ε and∫ 1

−1
dν(λ0, ~λ) ≤ O(κ4). Points in the spectrum occur

as p0 singularities of G̃(p), for fixed ~p, and the baryon
mass points occur as singularities for p0 = ±iw(~p). Our
analysis shows that points of the form p0 = π + iχ,
|χ| < −(5 − ε) ln κ, are regular. Notice that the above
measure decomposition shows the dispersion curve is iso-
lated up to −(5 − ε) ln κ (upper gap property), making
possible the particle identification.

To determine the existence of φ̄−φ̄− bound states, we
consider the associated four-point functions (with u0

1 =
u0

2 = u0 and u0
3 = u0

4 = v0)

G−(u1, u2, u3, u4) = 〈φ−(u1)φ−(u2)φ̄−(u3)φ̄−(u4)〉
× χu0≤v0 + 〈φ̄−(u1)φ̄−(u2)φ−(u3)φ−(u4)〉∗χu0>v0 .

Similarly, we define G+(u1, u2, u3, u4) associated with
φ+φ+ bound states; which equals G− by charge conju-
gation. We then restrict our attention to G− ≡ G and
give a rough description of our method before going into
detail. Similar methods have been employed in [13] to
determine bound state spectrum of the transfer matrix
associated with classical ferromagnetic spin systems at
high temperature. We first obtain a spectral representa-
tion for G(x), where G(x) = G(u1, u2, u3+~x, u4+~x), with
x = (x0 = v0 − u0, ~x) ∈ Z3, and its Fourier transform
G̃(k). In this way, we can relate k singularities in G̃(k) to
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the e-m spectrum. Next, using a lattice B-S equation in
the ladder approximation, we look for the singularities of
G̃(p) below the two baryon threshold.

From the Feynman-Kac formula, for x0 6= 0, we
have G(x) = −(φ̄−(1/2, ~u1)φ̄−(1/2, ~u2), (T 0)|x

0|−1 ~T ~x

× φ̄−(1/2, ~u3) φ̄−(1/2, ~u4))H. With the same notation as
before, upon taking the Fourier transform and inserting
the spectral representations for T 0, T 1 and T 2, we have

G̃(k) = G̃(~k) + (2π)2
∫ 1

−1

∫
T2 f(k0, λ0) δ(~k − ~λ) ×

dλd~λ(φ̄−(1/2, ~u1)φ̄−(1/2, ~u2),

× E(λ0, ~λ)φ̄−(1/2, ~u3)φ̄−(1/2, ~u4))H .

where G̃(~k) =
∑

~x∈T2 e−i~k.~xG(x0 = 0, ~x). The singulari-
ties in G̃(k), for k = (k0 = iχ,~k = 0) and e±χ ≤ 1, are
points in the mass spectrum, i.e. the e-m spectrum at
system momentum zero.

To analyze G̃(k), we follow the analysis for spin mod-
els as in [13]. We relabel the time direction coordi-
nates in G(x) by integer labels, with u0

i − 1/2 = x0
i ,

~ui = ~xi, i = 1, . . . 4, and write D(x1, x2, x3 + ~x, x4 + ~x),
x0

1 = x0
2 and x0

3 = x0
4, x0 = x0

3 − x0
2, where xi and

x are points on the Z3 lattice. Now we pass to differ-
ence coordinates and then to lattice relative coordinates
ξ = x2 − x1, η = x4 − x3 and τ = x3 − x2 to obtain
D(x1, x2, x3 +~x, x4 +~x) = D(0, x2−x1, x3−x1 +~x, x4−
x1 +~x) ≡ D(~ξ, ~η, τ +~x) and G̃(k) = ei~k.~τ D̂(~ξ, ~η, k), where
D̂(~ξ, ~η, k) =

∑
τ∈Z3 D(~ξ, ~η, τ)e−ik.τ . Explicitly, we have

D(x1, x2, x3, x4) = 〈φ−(x0
1 + 1/2, ~x1)φ−(x0

2 + 1/2, ~x2)

φ̄−(x0
3 + 1/2, ~x3)φ̄−(x0

4 + 1/2, ~x4)〉χx0
2≤x0

3

+ 〈φ̄−(x0
1 + 1/2, ~x1)φ̄−(x0

2 + 1/2, ~x2)

φ−(x0
3 + 1/2, ~x3)φ−(x0

4 + 1/2, ~x4)〉∗ χx0
2>x0

3
.

The point of all this is that the singularities of G̃(k)
are the same as those of D̂(~ξ, ~η, k) and the B-S equation
for D̂(~ξ, ~η, k) and its analysis are familiar and have been
treated before in [13]. The difference from the boson case
treated in [13] is that here we have anti-symmetry in the
x1 ↔ x2 and x3 ↔ x4 interchanges. The B-S equation
in operator form, and in what we call the equal time
representation, is D = D0 + D0KD. In terms of kernels,

D(x1, x2, x3, x4) = D0(x1, x2, x3, x4) +∫
D0(x1, x2, y1, y2)K(y1, y2, y3, y4)D(y3, y4, x3, x4) ×

δ(y0
1 − y0

2)δ(y0
3 − y0

4) dy1dy2dy3dy4 ; x0
1 = x0

2 , x0
3 = x0

4 ,

where D0(x1, x2, x3, x4) = −G(x1, x3)G(x2, x4) +
G(x1, x4)G(x2, x3), and we use a continuum notation
for sums over lattice points. D, D0 and K = D−1

0 −
D−1 are to be taken as matrix operators acting on
`a
2(A), the anti-symmetric subspace of `2(A), where A ={
(x1, x2) ∈ Z3 × Z3/x0

1 = x0
2

}
. In terms of the (~ξ, ~η, τ)

relative coordinates and taking the Fourier transform in

τ only, the B-S equation becomes (see [13])

D̂(~ξ, ~η, k) = D̂0(~ξ, ~η, k)

+
∫

D̂0(~ξ, ~ξ ′, k)K̂(−~ξ ′,−~η ′, k)D̂(~η ′, ~η, k) d~ξ ′d~η ′ .

With k fixed, D̂(~ξ, ~η, k), etc, are taken as a matrix oper-
ator on `2(B), where B = Z2/{0}; for k = (k0,~k = ~0) on
the anti-symmetric subspace of `2(B). K̂(−~ξ ′,−~η ′, k)
acts as an energy-dependent non-local potential in the
non-relativistic lattice Schrödinger operator analogy.

We now find L, the ladder approximation to K which
is given by the κ2 contribution to K ( the lowest
non-vanishing order in κ). Writing D = D0 + DT ,
where DT = D − D0 is the connected four-point func-
tion, we have the Neumann series K = D−1

0 DT D−1
0 −∑∞

n=2 (−1)n(D−1
0 DT )nD−1

0 and, expanding in κ, we ob-
tain DT (x1, x2, x3, x4) = − 3

4κ2
∑

j=1,2; ε=±1 δ(x2 − x1 +
εej)[−δ(x1 − x3)δ(x2 − x4) + δ(x1 − x4)δ(x2 − x3)] +
O(κ3) and D0(x1, x2, x3, x4) = −δ(x1 − x3)δ(x2 − x4) +
δ(x1 − x4)δ(x2 − x3) + O(κ3). Thus, L(x1, x2, x3, x4) =
− 3

16κ2
∑

j=1,2; ε=±1 δ(x2 − x1 + εej)[−δ(x1 − x3)δ(x2 −
x4) + δ(x1 − x4)δ(x2 − x3)] +O(κ3) and, on the space of

odd functions, L̂(~ξ, ~η, k0) =
3
8
κ2 δ(~ξ−~η)

∑2
j=1[δ(~ξ−ej)+

δ(~ξ + ej)], where we use the abbreviated notation k0 for
k = (k0,~k = ~0). The O(κ2) term for D comes from com-
puting the one fermion-anti-fermion pair (but with spin
indices that do not allow us to identify it with a quark-
anti-quark meson!) exchange contribution between two
pairs of baryons separated by one lattice space unit. De-
tails of similar calculations, involving the computation of
Fermi averages and gauge group integrals, can be found
in [14].

Now we give the representation of D0 that is to be used
in the B-S equation. In relative coordinates, D0(~ξ, ~η, τ) =
−G(τ + ~ξ)G(τ + ~η) + G(τ)G(τ + ~ξ + ~η), and we obtain a
spectral representation for D̂0(~ξ, ~η, k0) by separating out
the τ0 = 0 term in D0(~ξ, ~η, τ), and using the spectral
representation for G, for τ0 6= 0, to get

D̂0(~ξ, ~η, k0) = −2(2π)−2

∫

T2
M(~p, k0) sin ~p.~ξ sin ~p.~η d~p ,

where M(~p, k0) = 2πG̃(~p)2 + (2π)5
∫ 1

−1

∫ 1

−1
f(k0, λ0λ′0)

dλ0α~p(λ′0)dλ0α~p(λ′0).
We now obtain the solution of the B-S equation for

D̂(~ξ, ~η, k0) in the ladder approximation. Substituting L̂

in D̂(~ξ, ~η, k0) and suppressing the k0 dependence, we get

D̂(~ξ, ~η) = D̂0(~ξ, ~η) + aκ2
∑

D̂0(~ξ, εeµ)D̂(εeµ, ~η) ,

with the sum here running over µ = 1, 2 and ε = ±1.
Successively, taking ~ξ = ±eµ, µ = 1, 2, with ~η fixed, we
obtain a system of four linear equations for D̂(εeµ, ~η).
However, using the symmetries D̂0(−~ξ, ~η) = −D̂0(~ξ, ~η),
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D̂0(~ξ,−~η) = −D̂0(~ξ, ~η) and the same for D̂(~ξ, ~η), we can
reduce the above to a system of two linear equations,

D̂(eµ, ~η) = D̂0(eµ, ~η) + 2aκ2
2∑

ν=1

D̂0(eµ, eν)D̂(eν , ~η) ,

for µ = 1, 2, with the solution D̂(~ξ, ~η) = D̂0(~ξ, ~η) +
2aκ2

∑2
µ,ν=1 D̂0(~ξ, eµ)Mµν

W D̂0(eν , ~η), where W = detM,
and the 2 × 2 matrix M has elements M11 = 1 −
2aκ2D̂0(e2, e2), M12 = −2aκ2D̂0(e1, e2), M21 =
−2aκ2D̂0(e2, e1) and M22 = 1− 2aκ2D̂0(e1, e1).

To determine bound states below the two-baryon
threshold we recall that they occur as k0 singularities
of D̂(~ξ, ~η, k0) which in turn occur as zeroes of W (k0) =
1 − 2aκ2[D̂0(e1, e1, k0) ∓ D̂0(e1, e2, k0)]. That there are
no bound states follows by showing that W (k0 = iχ) has
no zero for χ ∈ [0, 2mκ). We note that [−D̂0(e1, e1, k0 =
iχ)] is finite, positive and monotone increasing in χ as
M(~p, iχ) is, where we use the above measure decompo-
sition for dλ0α~p(λ0), and the fact that w(~p) ≥ w(~0) =
mκ and the λ0 support of dν(λ0, ~λ) is contained in
|λ0| ≤ |κ|5−ε. The monotonicity of M(~p, iχ) follows from
that of f(iχ, λ0λ′0). By the Cauchy-Schwarz inequality,
|D̂0(e1, e2, k0 = iχ)| ≤ −D̂0(e1, e1, k0 = iχ), and since
a = 3/4 > 0, W (χ) ≥ 1.

Before we close, it is instructive to establish the corre-
spondence of the B-S equation near the threshold and
in the diagonal (ladder) approximation with the non-
relativistic lattice Schrödinger resolvent equation. For
k0 = iχ, χ = 2mκ − ε, 0 < ε ≪ 1. The prod-
uct of the one-particle contributions are the dominant
ones in D0, and approximating Z(~p) and w(~p) by their

small |~p| values, D0 has the approximate expression
− 2

(2π)2

∫
T2

1
2κ3|~p|2+ε sin ~p.~ξ sin ~p.~η d~p. Up to the con-

stant, this is minus the lattice Schrödinger free resolvent
−[−2κ3∆+ ε]−1, where ∆ is the lattice Laplacian opera-
tor in `2(Zd), restricted to the antisymmetric subspace
which is manifested by the sine function factors, and
is in contrast with the bosonic case where only cosines
appear [13, 18]. In the diagonal approximation, the B-
S kernel is given by K̂d(~ξ, ~η, k0) = k(~ξ)δ(~ξ − ~η), where
k(~ξ) = K(x1, x2, x1, x2), with x2 − x1 = (0, ~ξ). The
B-S equation then becomes D̂(~ξ, ~η, k0) = D̂0(~ξ, ~η, k0) +∫

D̂0(~ξ, ~ξ ′, k0)k(~ξ ′)D̂(~ξ ′, ~η, k0)d~ξ ′, which we identify as
the standard one-particle lattice Schrödinger resolvent
equation (H−z)−1 = (H0−z)−1−(H0−z)−1V (H−z)−1,
with z = −ε, free Hamiltonian H0 = −2κ3∆, potential
V = k, and restricted to the anti-symmetric subspace.
A positive k(~ξ) means a repulsive potential. A simi-
lar calculation involving a lattice Yukawa model shows
an attractive potential, as expected. Here, this repul-
sion excludes bound states. Indeed, as we have seen,
L̂ is our κ2 approximation to K̂, and k(~ξ) is given by
aκ2

∑2
µ=1[δ(~ξ − eµ) + δ(~ξ + eµ)], a = 3/8 > 0. Whether

the absence of a bound state is a limitation of our sim-
plified model or the region of parameters we consider is
currently being investigated.
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