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We obtain an understanding of baryons and anti-baryons in the strong coupling regime (κ <<
1, where κ is the hopping parameter) of Euclidean lattice QCD. It is shown that they arise as
tightly bound, bound states of three (anti-)quarks. The appearance of each of these particles is
manifested by the occurence of an isolated dispersion curve (upper gap property) in the energy-
momentum spectrum, with asymptotic mass of order −3 ln κ. The upper gap property holds in the
full gauge invariant (anti-)baryon space of states, at least up to −4 ln κ. Besides, we establish a
spectral representation for the two-point baryon correlation function as well as determine symmetry
properties. To capture the essence of the mechanism of baryon formation with the minimum of
algebraic complexity we consider the single flavor case in 2 + 1 space-time dimensions and two-
dimensional spin matrices.
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The existence and spectral properties of quantum field
theories arise as fundamental problems in physics. In
quantum chromodynamics (QCD), it is fundamental to
establish on a rigorous basis the low-energy momentum
spectrum of particles and their bound states, in partic-
ular, to prove the existence of mesons and baryons and
their bound states. Spectral properties of this sort in-
volve low-energies and the standard way to study them
is to use a lattice regularization of the continuum. Long
distance properties should not be affected too much by
this procedure. Our understanding of confinement comes
in this way, and in fact was a reason for the introduction
of lattice QCD by Wilson (see [1, 2] and [3, 4] for a recent
review).

As our main result, we obtain an understanding of
baryons from first principles by showing that they arise
as tightly bound, bound states of three quarks and their
occurrence is manifested by the appearance of an iso-
lated dispersion curve in the energy-momentum (e-m)
spectrum. We adopt a lattice regularization and obtain
a qualitative picture of the spectrum from first princi-
ples in the strong coupling regime corresponding to quark
confinement. No approximations are made and in this
context our results are exact. More specifically, we con-
sider lattice QCD in the Euclidean formulation as in
[2, 5], with small hopping parameter (strong coupling)
and large glueball mass (see [6]) in the baryon Fermi sec-
tor. For the Hamiltonian approach to baryon masses see
[7, 8]. For the determination of masses for the meson
sector, in the Euclidean approach, see [9].

We want to capture the essence of the mechanism of
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baryon formation. Having this goal in view, and in or-
der to reduce algebraic complexity, we consider the sin-
gle flavor case in 2 + 1 space-time dimensions with two-
dimensional Dirac matrices, so that there is no internal
spin.

Here, we show that there is a (baryon) particle and an
anti-particle manifested by an isolated dispersion curve
in the e-m spectrum (upper gap) and much more: it is
the only spectrum in the full space of states up to near
the two-meson threshold, so that the upper gap persists.
Also, analogous to the Källen-Lehman representation in
quantum field theory, we obtain a spectral representation
for the two-particle correlation function which allows us
to relate the singularities of its Fourier transform to the
e-m spectrum via a Feynman-Kac formula. Furthermore,
we analyze the symmetries of the model.

We emphasize that the upper gap property has not
been established in the Hamiltonian formulation treat-
ments.

The determination and control of the baryonic mass
spectrum is an essential step towards the understanding
of e.g. baryon-baryon bound states (such as for the nu-
clear force) from first principles and thus bridging the gap
between QCD and the effective baryon, effective meson
picture of nuclear forces through a single and multiple
boson exchange arising from a Yukawa interaction (see
[10, 11]). For the determination of bound state spectrum
in spin and stochastic Ginzburg-Landau lattice systems
see [12] and [13].

We now define the gauge-matter model and show
how our results are obtained. The quantum mechani-
cal Hilbert space and e-m operators are obtained by a
standard construction from the thermodynamic limit of
gauge invariant correlation functions of a statistical me-
chanical model where the Fermionic degrees of freedom
are described by Grassmann variables (see [2, 5, 14] for
details). The partition function of the model is given



2

formally by

Z =
∫

e−S(ψ,ψ̄,g) dψ dψ̄ dµ(g) . (1)

and for F (ψ̄, ψ, g), the normalized expectations are de-
noted by 〈F 〉.

Labelling by 0 the time direction, the unit lattice is
taken as Z3

o, where u = (u0, ~u) = (u0, u1, u2) ∈ Z3
o ≡

Z1/2 × Z2, where Z1/2 = {±1/2,±3/2, . . .}, so that, in
the continuum limit, two-sided equal time limits of Fermi
fields correlations can be accommodated. At each site
u ∈ Z3

o, there are Fermion Grassmann fields ψα,a(u), as-
sociated with a quark, and ψ̄α,a(u), associated with an
anti-quark, which carry a Dirac spin index α = 1, 2 ≡
+,− and an SU(3) color index a = 1, 2, 3. Also, let-
ting eµ, µ = 0, 1, 2, denote the unit lattice vector for
the µ-direction, for each nearest neighbor oriented lattice
bond < u, u± eµ > there is an SU(3) matrix U(gu,u±eµ)
parametrized by the gauge group element gu,u±eµ and
satisfying U(gu,u+eµ)−1 = U(gu+eµ,u). Associated with
each lattice oriented plaquette p there is a plaquette
variable χ(U(gp)) where U(gp) is the orientation-ordered
product of matrices of SU(3) of the plaquette oriented
bonds, and χ is the trace. The model action is given by

S(ψ, ψ̄, g) =
κ

2

∑
ψ̄α,a(u)Γεeµ

αβ (gu,u+εeµ)ab ×

ψβ,b(u + εeµ) +
∑

u∈Z3
o

ψ̄α,a(u)Mαβψβ,a(u)− 1
g2
0

∑
p

χ(gp),

(2)
where the first sum runs over u ∈ Z3

o, ε = ±1 and
µ = 0, 1, 2. For notational simplicity, we drop U from
U(g), m > 0, κ > 0 is the quark-gauge coupling, g0 > 0
describes the pure gauge strength and M = m + 2κ.
Also, within the family of actions of [2], we have Γ±eµ

=
−1±γµ, γµ being the hermitian traceless anti-commuting
Pauli matrices σz, σx, σy, for µ = 0, 1, 2, respectively.
dµ(g) is the product measure over bonds of normal-
ized SU(3) Haar measures and the integrals over Grass-
mann fields are defined according to [14]. For a poly-
nomial in the Grassmann variables with coefficients de-
pending on the gauge variables, the fermionic integral
is defined as the coefficient of the monomial of maxi-
mum degree, i.e. of

∏
u,α,a ψ̄α,a(u)ψα,a(u). In Eq. (1),

dψ dψ̄ means
∏

u,α,a dψα,a(u) dψ̄α,a(u) such that, with
a normalization N1 = 〈1〉, we have 〈ψα,a(x) ψ̄β,b(y)〉 =
(1/N1)

∫
ψα,a(x) ψ̄β,b(y) e−

P
u ψ̄α,a(u)Mαβψβ,a(u) dψ dψ̄ =

M−1
α,β δabδ(x− y), with a Kronecker delta for space-time

coordinates. With our restrictions on the parameters,
there is a quantum mechanical Hilbert space of physical
states (see below), for κ > 0; and the condition m > 0
guarantees that the one-particle free Fermion dispersion
curve increases in each positive momentum component.

For small enough couplings κ and g−2
0 , by polymer ex-

pansion methods (see [2, 15]), the thermodynamic limit
of correlations exists and truncated correlations have ex-
ponential tree decay. The limiting correlation functions

are lattice translational invariant. Furthermore, the cor-
relation functions extend to analytic functions in the cou-
pling parameters.

We now recall the definition of the quantum mechani-
cal Hilbert space H and the e-m operators starting from
gauge invariant correlation functions, with support re-
stricted to u0 = 1/2. Letting T x0

0 , T xi

i , i = 1, 2, denote
translation of the functions of Grassmann and gauge vari-
ables by x0 ≥ 0, x ∈ Z3; and for F and G only depending
on coordinates with u0 = 1/2, we have the Feynman-Kac
(F-K) formula

(G,T x0

0 T x1

1 T x2

2 F )H = 〈[T x0

0 T x1

1 T x2

2 F ]ΘG〉 ,

where Θ is an anti-linear operator which involves time
reflection. Following [2], with the usual sum convention,
the action of Θ on single fields is given by

Θψ̄α,a(u) = (γ0)αβψβ,a(tu) ,

Θψα,a(u) = ψ̄β,a(tu)(γ0)βα ;

where t(u0, ~u) = (−u0, ~u), for A and B monomials,
Θ(AB) = Θ(B)Θ(A); and for a function of the gauge
fields Θf({guv}) = f∗({g(tu)(tv)}), u, v ∈ Z3

o, where ∗
means complex conjugate. Θ extends anti-linearly to
the algebra. We do not distinguish between Grassmann,
gauge variables and their associated Hilbert space vec-
tors in our notation. As linear operators in H, Tµ, µ =
0, 1, 2, are mutually commuting; T0 is self-adjoint, with
−1 ≤ T0 ≤ 1, and Tj=1,2 are unitary, so that we write
Tj = eiP j

and ~P = (P 1, P 2) is the self-adjoint momen-
tum operator, with spectral points ~p ∈ T2 ≡ (−π, π]2.
Since T 2

0 ≥ 0, we define the energy operator H ≥ 0
by T 2

0 = e−2H . More precisely, the positivity condition
〈FΘF 〉 ≥ 0 is established in [2] but there may be nonzero
F ’s such that 〈FΘF 〉 = 0. The collection of such F ’s is
denoted by N . Thus, a pre-Hilbert space H′ can be con-
structed from the inner product 〈GΘF 〉. The physical
Hilbert space H is defined as the completion of the quo-
tient space H′/N .

We now turn to our results. We restrict our attention
to the subspace Ho ⊂ H generated by an odd number
of ψ̂ = ψ̄ or ψ, for g−2

0 << κ. For the pure gauge case
and small g−2

0 , the low-lying glueball spectrum is found
in [6]. For large g0, the glueball mass is ≈ 8 ln g0. For
the even subspace, quark-anti-quark mesons are treated
in [9].

We now state our result on the existence of particles.
We consider the subspace H3 ⊂ H generated by vectors
associated with Grassmann gauge invariant baryon-like
fields given by, with εabc denoting the Levi-Civita symbol,

φ̂±
(
u0 = 1/2, ~u

)
= 1

6εabcψ̂a±ψ̂b±ψ̂c± = ψ̂1±ψ̂2±ψ̂3± ,

with either three ψ’s or three ψ̄’s. We show, for small
enough κ >> g−2

0 , and for energies less than −(4−ε) ln κ,
0 < ε << 1, that in H3 the only e-m spectrum consists
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of dispersion curves w±(~p), where

w±(~p) = 3 ln M
2κ + ln[1− 2 κ3

M3 (cos p1 + cos p2)] +O(κ4)

= m±,κ + κ3

M3 |~p |2 +O(κ4) , |~p | << 1 ;

with m±,κ ≡ w±(~0) being the φ̂± baryon masses. Adapt-
ing the methods of [6, 15], it can be shown that w±(~p) +
3 lnκ is real analytic in κ, for |κ| small, and in each pi,
for |Im pi| small. Furthermore, the dispersion curves
w±(~p) are increasing in each pi, and convex for small
|~p|. We remark that for free quarks, the system kinetic
energy for the three-particle threshold has an O(κ) co-
efficient, rather than a κ3 coefficient. We associate the
curve w−(~p) with φ̄− and call it a baryon field; simi-
larly w+(~p) is associated with the anti-baryon field φ+.
This terminology is justified later on when, by using a
charge conjugation symmetry, we show that the disper-
sion curves are indeed identical.

To see how our results are obtained, associated to the
particle and anti-particle are the normalized two-point
correlation functions (χ here denotes the characteristic
function)

G−(u, v) = 〈φ−(u)φ̄−(v)〉χu0≤v0

−〈φ̄−(u)φ−(v)〉χu0>v0 = G−(u− v) ,
G+(u, v) = 〈φ̄+(u)φ+(v)〉χu0≤v0

−〈φ+(u)φ̄+(v)〉χu0>v0 = G+(u− v) .

We note that by parity symmetry defined below, the
u0 = v0 extensions of the u0 > v0 parts agree with the
corresponding u0 = v0 definitions.

We now restrict our discussion to G−, as the
analysis of G+ is similar, and we drop the sub-
script − from the notation. From the F-K formula,
G(x) = −(φ̄−(1/2,~0), T |x

0|−1
0 ei ~P .~xφ̄−(1/2,~0))H χx0>0 +

[~x → −~x] χx0>0, taking the Fourier transform of G, and
inserting the spectral representations for T0, T1 and T2,
we obtain the following spectral representation (G̃(p) de-
notes the Fourier transform of G(x ≡ u− v))

G̃(p) = G̃(~p) + (2π)2
∫ 1

−1

∫
T2

2(cos p0 − λ0)
1 + (λ0)2 − 2λ0 cos p0

×
δ(~p− ~λ)dλ0d~λ(φ̄−(1/2,~0), E(λ0)F(~λ)φ̄−(1/2,~0))H

where G̃(~p) =
∑

~x∈Z2 e−i~p.~xG(x0 = 0, ~x) and F(~λ) =
F1(λ1)F2(λ2), and E(λ0) (respectively, Fi(λi),i = 1, 2) is
the spectral family for the operator T0 (respectively P i).
The existence of an isolated dispersion curve in the e-m
spectrum occurs as a singularity of G̃(p) on the imaginary
p0 axis, for fixed ~p. (Our analysis excludes a singularity
for p0 = π + iq0, q0 real). Using a decoupling of hyper-
plane method (see [6, 15]), more precise bounds on G(x)
and the convolution inverse are now obtained. |G(x)| is
bounded by const e−3| ln(κ) x0|−2| ln(κ) x̃ | and thus G̃(p) is
analytic in p0 in |Im p0| < 3| ln κ|. The decay of the con-
volution inverse Γ(x), of G(x), for |x| ≥ 2, is bounded
by const e−4| ln(κ) x0|−2| ln(κ) x̃ |, which implies that Γ̃(p)

is analytic in the larger region |Im p0| < −4 ln κ, and
that Γ̃(p)−1 provides a meromorphic extension of G̃(p)
to this region. Furthermore, using the short distance
behavior of G(x), obtained by expanding in κ, namely
G(0) = −c3 +O(κ8), G(±e0) = −8(κ/2)3c6 +O(κ5) and
G(±ei) = −(κ/2)3c6 + O(κ5), i = 1, 2, where c = 2/M ,
we find G̃(p) = −c3[1 + 2(κ/2)3c3(8 cos p0 + cos p1 +
cos p2)]+O(κ5) and Γ̃(p) = −c−3[1−2(κ/M)3(8 cos p0 +
cos p1 + cos p2)] + O(κ5). The dispersion curve w(~p)
arises as the solution of Γ̃(p0 = −iw(~p), ~p) = 0, and this
shows the spectral results considering only the subspace
H3 ⊂ Ho. To extend the spectral results to all of Ho, we
adapt the subtraction method of [6].

We now establish lattice charge conjugation and par-
ity symmetries. The equality of the dispersion curves
w±(~p) follows from the former and the parity symmetry
is used to define an intrinsic (anti-)baryon parity. For the
gauge-Grassmmanian field algebra, we define the charge
conjugation transformation C by

Cψα,a(u) = ψ̄β,a(u) (γ2)βα ; Cψ̄α,a(u) = (γ2)αβ ψβ,a(u);
Cf({guv}) = f({g∗uv}) ; C(AB) = C(B)C(A).

where A and B are Grassmannian monomials. The trans-
formation is extended by linearity to a general element.

The action of Eq. (2) is invariant under C, such as
CS = S, and 〈CF 〉0 = 〈F 〉0, where 〈 · 〉0 denotes the
expectation with the first term (hopping term) in the
action S set equal to zero. From these two properties,
it follows that 〈CF 〉 = 〈F 〉. In showing 〈CF 〉0 = 〈F 〉0,
we use the explicit formula for the integration of a class
(gauge invariant) function with the SU(3) Haar measure
([16]). Since Cφ−(u) = −iφ̄+(u) and Cφ̄−(u) = iφ+(u),
we have 〈φ−(u)φ̄−(v)〉 = −〈φ̄+(u)φ+(v)〉. From the F-K
formulae, for x0 ≥ 0,

(φ−, e−Hx0
ei ~P .~xφ−)H = 〈φ−(x0 + 1/2, ~x)φ̄−(−1/2,~0)〉 ,

(φ̄+, e−Hx0
ei ~P .~xφ̄+)H = 〈φ̄+(x0 + 1/2, ~x)φ+(−1/2,~0)〉.

so that by the equality of the right sides, such as the
equality of moments of the spectral measure, we have the
equality (φ−, E(λ0)F(~λ)φ−)H = (φ̄+, E(λ0)F(~λ)φ̄+)H
which implies the equality of the spectrum; in partic-
ular, the dispersion curves are identical. Furthermore, C
can be lifted to H as a unitary operator. This follows
from 〈(CF )(ΘCF )e−S〉0 = 〈FΘFe−S〉0; thus if F ∈ N
also CF ∈ N .

We now consider the parity symmetry. We define the
parity transformation P , with P(u0, ~u) = (u0,−~u), by

Pψα,a(u) = (γ0)αβ ψβ,a(Pu) ,

P ψ̄α,a(u) = ψ̄β,a(Pu) (γ0)βα ,
Pf({guv}) = f({gPuPv}) , P (AB) = P (A)P (B) ,

where A and B are Grassmann monomials, and ex-
tend it by linearity. PS = S and 〈PF 〉0 = 〈F 〉0
which implies 〈PF 〉 = 〈F 〉. As 〈PFΘPF 〉 = 0 if
〈FΘF 〉 = 0, P can be lifted to an operator acting in
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H and P commutes with the Hamiltonian H. In particu-
lar, Pφ̄−(u) = −φ̄−(u0,−~u) and Pφ+(u) = φ+(u0,−~u),
so that the improper states, with u0 = 1/2, Φ̄−(~p) ≡∑

~u∈Z2 e−i~p.~uφ̄−(u) and Φ+(~p) ≡ ∑
~u∈Z2 e−i~p.~uφ+(u) sat-

isfy P Φ̄−(~0) = −Φ̄−(~0) and PΦ+(~0) = Φ+(~0), i.e.
Φ̄−(~p = ~0) and Φ+(~p = ~0) have eigenvalues +1 and −1,
respectively, and we identify these eigenvalues as the in-
trinsic parities.

Another consequence associated with the invariance
of expectations under the parity transformation is that
w(~p) = w(−~p); this follows since 〈φ−(x)φ̄−(y)〉 =
〈P [φ−(x)φ̄−(y)]〉 = 〈φ−(x0,−~x)φ̄−(y0,−~y)〉 which im-
plies G̃(p0,−~p) = G̃(p0, ~p) and Γ̃(p0,−~p) = Γ̃(p0, ~p). A
spatial rotation by π/2 is also a symmetry and is defined
by a transformation R similar to that of parity replacing
P by R and P by R, where R(x0, x1, x2) = (x0, x2,−x1)
and γ0 by either (1 + γ0)/2 + i(1 − γ0)/2, or with −i.
With these choices, R2 = P .

Next, we show how the interplay of the hyperplane de-
coupling method and gauge invariance not only reveals
the lowest e-m excitations but also shows that the exci-
tations are particles, i.e. have isolated dispersion curves.
Consider the correlation function of two functions H(x)
and L(y) localized at x and y, respectively, with x0 < y0.
We assume that 〈H(x)〉 = 0 = 〈L(y)〉. In the hyperplane
decoupling method (see [6, 15]), the parameter κ in the
action is replaced by the complex parameter κp for all
bonds connecting the hyperplane u0 = p and u0 = p + 1.
We consider the resulting 〈H(x)L(y)〉 and its deriva-
tives at κp = 0. Now, with G(x, y, κp) ≡ 〈H(x)L(y)〉,
G(x, y, κp = 0) = 0 and if the first nonvanishing deriva-
tive, say the derivative of order k, is non-vanishing, and
if we can find L(x) and H(y) such that, at κp = 0,

∂k

∂κk
p

G(x, y, 0) ∝
∑

~z∈Z2

G(x, (p, ~z))G((p + 1, ~z), y) ,

then, for the k-th derivative of minus the convolu-
tion inverse Γ′ (Γ′G = −1), given by (Leibniz’s rule)

∂k

∂κk
p

Γ′|κp=0 =
k−1∑
n=0

(
k
n

)
Γ′

∂k−nG

∂κk−n
p

∂nΓ′

∂κn
p

|κp=0, only the

` = k, n = 0 term contributes. Using the above struc-
ture of ∂k

∂κk
p

G |κp=0, we conclude that ∂k

∂κk
p

Γ′ |κp=0 = 0,

x0 ≤ p < y0 − 1. This is the important ingredient that
leads to the faster decay rate for Γ, as compared to G,
i.e. const e−4|x0 ln κ|. The decay is obtained by repeating
the argument for each hyperplane with x0 ≤ p ≤ y0 − 1,
using joint analyticity in κp, x0 ≤ p < y0, and Cauchy
estimates for the κp derivatives (see [6, 15]).

In our case, the coefficient of κn
p in the numerator of

G is of the form

1
n!

∫
H(x)

( ∑

~z∈Z2

. . .

)n

L(y)e−S(ψ̄,ψ,g) dψdψ̄dµ(g) |κp=0 .

We now perform the integral over the gauge field for
the bonds between the hyperplanes. For n = 1, by the

Peter-Weyl (see [16]) orthogonality relations the integra-
tion gives zero. For n = 2, if H and L are in the odd
subspace of H, then the Fermi integration gives zero.
For n = 3, the gauge integral is zero unless the three
bonds coincide. In the case of free Fermi fields, there
is no such restriction. For coincident bonds a three-
fold tensor product, where each factor is either U or Ū
(with the bar denoting complex conjugate) occurs. Using
the decomposition of tensor products of SU(3), namely
3× 3× 3 = 10 + 8 + 8 + 1, 3× 3× 3̄ = 15 + 6̄ + 3 + 3, and
their complex conjugates, only the identity representa-
tion contributes and the third derivative can be written,
at κp = 0,

1
3!

∂3 〈H(x)L(y)〉
∂κ3

p

= −8
∑

~z∈Z2

[〈φ̄+(p + 1, ~z)L(y)〉 ×

〈H(x)φ+(p, ~z)〉 − 〈H(x)φ̄−(p, ~z)〉 〈φ−(p + 1, ~z)L(y)〉] .

Choosing H(x) = φ−(x) and L(y) = φ̄−(y), we have, at
κp = 0,

1
3!

∂3G−
∂κ3

p

(x, y, 0) = 8
∑

~z∈Z2

G− (x, (p, ~z)) G− ((p + 1, ~z), y) ,

such as, the required derivative structure. Similar con-
siderations apply for G+, choosing H(x) = φ̄+(x) and
L(y) = φ+(y), and x0 > p ≥ y0.

We now show that the only e-m spectrum in all of Ho,
up to the energy value −(4−ε) ln κ, is the isolated baryon
dispersion curve w(~p) ≡ w±(~p). It is enough to show that
for L ∈ Ho with finite spatial support and time support
at u0 = 1/2, the only possible e-m contribution, up to
energies −(4 − ε) ln κ, in (L, e−Hx0

ei ~P .~xL)H comes from
w(~p). By the F-K formula (L, e−Hx0

ei ~P .~xL)H = 〈L(x)L̂〉,
x0 ≥ 0, where L̂ ≡ ΘL, and in general we write K(x)
for the translation of K by x. Letting G(x) = 〈L(x0 −
1, ~x)L̂〉, x ∈ Z3, and using the F-K formula, the Fourier
transform G̃(p) of G(x), has the spectral representation

G̃(p) = G̃(~p) + (2π)d−1
∫ 1

−1

∫
T2

1
eip0−λ0 δ(~p− ~λ)

× dλ0d~λ(L̂, E(λ0)F(~λ)L̂)H − (2π)d−1
∫ 1

−1

∫
T2

× 1
e−ip0−λ0 δ(~p + ~λ) dλ0d~λ(L, E(λ0)F(~λ)L)H ,

(3)
where G̃(~p) =

∑
~x∈Z2 e−i~p.~xG(x0 = 0, ~x). We de-

fine, with G(x, y) = G(x − y), F (x, y) = G(x, y) +∑
u,v∈Z3〈L(x)Φ(u)〉Γ(u, v)〈χ(v)L̂(y)〉 where Φ(u) =

(φ+(u), φ̄−(u)) and χ(v) = (φ̄+(v),−φ−(v)) have
two components; Γ(u, v) is a 2 × 2 matrix and
we suppress the sum over components, Γ is mi-
nus the convolution inverse of M , where M(x, y) =
diag

[〈φ̄+(x)φ+(y)〉 ; −〈φ−(x)φ̄−(y)〉]. The second term
in F (x, y) is designed so that we have: i) that the possi-
ble singularities, in |Im p0| < −(4 − ε) ln κ, in G̃(p) are
cancelled; ii) the only possible singularities in the Fourier
transform come from w(~p).
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By the hyperplane decoupling method applied to
F (x, y), x0 ≤ p < y0, it is seen that ∂kF (x, y)/
∂κk

p = 0, for k = 0, 1, 2, 3, so that |F (x, y)| ≤
const e−(4−ε)| ln(κ) (x0−y0)|, which implies analyticity of
F̃ (p), the Fourier transform of F (x, 0), in |Im p0| <

−(4 − ε) ln κ. For F̃ (p), we have F̃ (p) = G̃(p) +
H̃(p)Γ̃(p)J̃(p), where H̃(p), Γ̃(p) and J̃(p) are the Fourier
transforms of 〈L(x)Φ(0)〉, Γ(x, 0) and 〈χ(x)L̂(0)〉, re-
spectively. H̃(p) and J̃(p) have spectral representations
which are similar to the one for G̃(p) given in Eq. (3),
with the only possible singularities given by w(~p) in

|Im p0| < −(4−ε) ln κ and Γ̃(p) is analytic in this region.
It follows that the only possible singularities of G̃(p) are
those arising from w(~p), thus completing our argument.

A complete and more detailed account of our results
will appear elsewhere.
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